arXiv:1504.04721v2 [math.DG] 21 Dec 2015 


RENORMALIZED VOLUME ON THE TEICHMULLER SPACE OF 

PUNCTURED SURFACES 

COLIN GUILLARMOU, SERGIU MOROIANU, AND FREDERIC ROCHON 


Abstract. We define and study the renormalized volume for geometrically finite hyperbolic 
3-manifolds, including with rank-1 cusps. We prove a variation formula, and show that for 
certain families of convex co-compact hyperbolic metrics degenerating to a geometrically 
finite hyperbolic metric go with rank-1 cusps, the renormalized volume converges to the 
renormalized volume of the limiting metric. 


1. Introduction 


The renormalized volume is a geometric quantity for certain infinite volume hyperbolic 
3-dimensional manifolds, namely those which are convex co-compact. Such a manifold X 
can be compactified into a smooth compact manifold with boundary A in a way that its 
metric g has the following property: for any smooth function p G 6“ (A) which is a boundary 
defining function (i.e., p > 0, p~^(0) = dX and dp|gx does not vanish), p‘^g extends to 
a smooth metric on A. This induces a natural conformal class on the boundary M := 
dX by picking the conformal class [h] oi h = (p^p)|tm- We call (M, [/i]) the conformal 
boundary of A. We say that a boundary defining function p is a geodesic boundary defining 
function in A if \dlog{p)\g = 1 near the boundary M. Notice that such a function induces 
an equidistant foliation near M, given by the level sets of p. It turns out that there is a 
one-to-one correspondence h = e'^'^h £ [h] p between geodesic boundary defining functions 
(or equivalently, equidistant foliations) near M and the elements of the conformal class [h] on 
M, where p solves the Hamilton-Jacobi equation near M 

dp 


P 


— 1) {P 9)\tm — h. 


( 1 . 1 ) 


The renormalized volume of (A, g) is the function on \K\ defined by 

Xo\R{X,g-h) :=FP,=o [ pMvol^ 

Jx 

where p is any smooth positive extension to A of the function solving (1.1) and FP^=o denotes 
the finite part (or regular value) at z = 0 of a meromorphic function in the variable z £ C. In 
a way, this definition has similarities with the renormalization used to define the determinant 
of the Laplacian on a compact manifold. In fact, the functional ip i—>■ Volij(A, p; e^'^/i) varies 
in the same exact way as do the Liouville functional and the logarithm of the determinant 
of the Laplacian viewed as functionals on [h]. Among metrics in the conformal class [h] of 
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constant volume 2'k\x{M)\, it is maximized at the hyperbolic metric G [h], and we define 
the renormalized volume of {X, g) by 

Voli^(X,5) :=XolRiX,g-,h^yP). 

We remark that the renormalized volume could equivalently be defined by Voli?(X, g-,h) = ao, 
where oq is defined by the asymptotic expansion (for some aj G M) as e —)> 0 



+ oi log(e) + ao + 0(e). 


In this setting, the first general study was done by Krasnov-Schlenker [KrSc], although 
earlier works of Takhtajan-Teo [TaTe] considered this quantity, and for more general Poincare- 
Einstein manifolds the renormalized volume appeared even earlier in works of Henningson- 
Skenderis [HeSk] and Graham [Gr] in AdS/GFT correspondence. 

When defined in this way, the renormalized volume has many interesting properties: 

• The renormalized volume is a Kahler potential for the Weil-Peterson metric on the 
Teichmiiller space of the conformal boundary, when viewed as a function on the de¬ 
formation space of convex co-compact hyperbolic 3-manifolds. This was proved by 
Takhtajan-Teo [TaTe] for a class of Kleinian convex co-compact groups, by Krasnov- 
Schlenker [KrSc] for quasi-Fuchsian manifolds and by Guillarmou-Moroianu [GuMo] 
for all geometrically finite hyperbolic 3-manifolds without cusps of rank 1. 

• Voli?(X, 5 ) can be compared to the volume of the convex core Vol(C'(X)) by 

Vol(C(X)) - lOx(M) < XolR{X,g) < Vol(C(W)). 

This inequality is proved by Schlenker [Sc] for quasi-Fuchsian manifolds, and extended 
by Bridgeman-Canary [BrGa] to convex co-compact 3-manifolds with incompressible 
boundary. 

• Schlenker [Sc] proves that for quasi-Fuchsian manifolds, Voli^(W, g) is comparable to 
the Weil-Petersson distance between the two connected components {M,h±) of the 
conformal boundary. Namely he shows that 

VolR(X,g) < |v'27rx(W)dwp(/i+,/i-), (1.2) 

improving a weaker inequality due to Brock [Br]. Moreover, using [Br], Schlenker 
obtains that there exists some fci, A :2 > 0 such that 

kidwp{h+,h_) -k2< XolR{X,g). 

These inequalities have interesting implications about the geometry of hyperbolic 3- 
manifolds fibering over the circle, cf. [KoMc], [BrBr] . 

• Giobotaru-Moroianu [GiMo] prove that for almost-Fuchsian manifolds, the renormal¬ 
ized volume is positive except at the Fuchsian locus where it vanishes^. 


^The normalization to make it 0 at the Fuchsian locus is actually to choose the metric in the conformal 


boundary to have Gaussian curvature —4. The same normalization is used in [KrSc] 
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• Moroianu [Mo] proves that the renormalized volume has a critical point on the defor¬ 
mation space of convex co-compact 3-manifolds if the convex core has smooth totally 
geodesic boundary, and the Hessian of VoIr is positive definite there. Another proof 
appeared recently in [Va]. 

Like in the estimate (1.2), it is of interest to understand the properties of Vol/j on the 
deformation space of convex co-compact hyperbolic 3-manifolds with a given topology. For 
example, (1.2) shows that VoIr does not explode as one approaches the boundary of the 
Teichmiiller space viewed as a Bers slice in the quasi-Fuchsian space. 

The first goal of this work is to define the renormalized volume for geometrically finite 
hyperbolic 3-manifolds, focusing on the rank-1 cusps. Contrary to the convex co-compact 
setting, the existence of equidistant foliations via geodesic boundary defining functions turns 
out to be quite tricky in the case of rank-1 cusps. A geometrically finite hyperbolic manifold 
(A, g) = F\EI^ with rank-1 cusps is the interior of a smooth non-compact manifold X = 
F\(EI^UHr) with boundary, where Hr C is the discontinuity set of the Kleinian group F C 
PSL2(C). The smooth manifold with boundary X has a non-compact boundary M = F\Hr 
equipped with a conformal class \h\ induced from the hyperbolic metric g. On this conformal 
boundary (M, [h]), we show in Proposition 2.3 that there exists a unique complete hyperbolic 
metric G [h] with finite volume and cusps. 

Theorem 1. Let {X,g) be a geometrically finite hyperbolic 3-manifold with rank-1 cusps, 
let (M, [h]) be its conformal boundary and let be the complete hyperbolic metric with 
finite volume in the conformal class [h]. Then there exists a non-negative smooth boundary 
defining function p on X such that p^g\TM = h'^^^ o,nd, outside a finite volume region V C 
X, \dlog{p)\g = 1. The function z —)■ jp^dvolg admits a meromorphic extension from 
Re(z) > 2 to a neighborhood of z = 0. 

We define the renormalized volume by 

Volij(A, g) := Yolg{V) + FP,=o [ p^dvolg. 

Jx\v 

In fact, in Proposition 2.4, we show a stronger statement: we prove that for each conformal 
representative in [h] with certain asymptotic properties near the cusp, there is an associated 
geodesic boundary defining function and an equidistant foliation, allowing to view Voli^ as a 
function on [h] like in the convex co-compact case. In Proposition 7.1, we show a variation 
formula similar to that of the determinant of the Laplacian [AAR, Theorem 2.9] or the 
Liouville functional: 

Vo1r(A, g; e^v^h^^P) = Vol,j(A, g-, h^^P) -] [ - 2<^)dvoWp. 

4 Jm 

There is a diffeomorphism ip : [0, £)x x M —)■ A \ V such that ^p*p = x, and the metric has 
a finite expansion in powers of x: 


dx"^ -|- /iQ + x^h2 -\- x^h^ 
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where the coefficients ho, /12 and /14 are symmetric tensors on M and such that ho = h^^^, 
^2 '■= h 2 — is trace-free and divergence-free with respect to and /i 4 = \ho{A^-, •) 

if A is the endomorphism dehned by h 2 = ho{A-, •). The tensor h^ can thus be identified to a 
cotangent vector to the Teichmiiller space T(M) of M at the metric ho = and the pair 
{ho, / 12 ) G T*7{M) characterizes uniquely g. We call h^ the second fundamental form of g at 
M. 

Theorem 2. Fort G (—1,1), let {X,g^) he a smooth family of geometrically finite hyperbolie 
metrics with cusps of rank 1 and let h^ be the unique finite volume hyperbolie representative 
of the conformal boundary of {X,g^). Then, 

dtXo\R{X,g^\^^ = j^{h,h^)hdvolh, 

with h = dth^\t=o, h = h^\t=o, o-nd hf^ is the second fundamental form of g = g^\t=o clI AI. 

The equivalent result was shown by Krasnov-Schlenker [KrSc] (see also [GuMo] for another 
proof) in the convex co-compact setting. This implies, using a theorem of Harden [Ma2], that 
the deformation space of a geometrically finite hyperbolic 3-manifold {X,g) with rank-1 cusps 
can be viewed as a Lagrangian submanifold “K C T*7{M), the graph of the exact 1-form on 
7{M) given by the exterior differential of the renormalized volume functional Vol/j(X, •) : 
7{M) —)> M. Equivalently, the restriction to TC of the Liouville 1-form on T*7{M) is exact, 
and a primitive is given by Vol/j(X, •) if we identify TC with 7{M) by the canonical projection; 
we refer to [GuMo] for details in the convex co-compact setting. 

Ahlfors-Bers simultaneous uniformisation theorem shows that if (M,/i_) and (M,/i_|_) are 
two hyperbolic surfaces of finite volume with n cusps, there exists a unique (up to diffeomor- 
phism) complete hyperbolic metric g{h_,h+) on the cylinder X := x M, which is realized 
as a quotient r\BI^ for some quasi-Fuchsian group T C PSL 2 (C) and the obtained manifold is 
geometrically hnite with cusps of rank-1. The quasi-Fuchsian space is the deformation space 
of such quasi-Fuchsian groups and it identihes to 7{M) x 7{M) where 7{M) is the Teich- 
miiller space of M. Fixing h_, the map /i+ 1 —)■ g(^h-,h+) provides an embedding of 7{M) into 
the quasi-Fuchsian deformation space and we view the renormalized volume as a function on 
7{M): /i+ I—>■ Volij(X,/j^)). We extend to the case with punctures the result proved in 
the convex co-compact case by Takhtajan-Teo [TaTe], and later by Krasnov-Schlenker [KrSc], 
Guillarmou-Moroianu [GuMo] . 

Theorem 3. Set /i_ = /iq G 7{M), the map 14^ : /i_|_ 1 —)• Volij(X, /^^)) is a Kdhler 
potential for Weil-Petersson metric on 7{M), more precisely ddYh^ = where wwp is 

the Weil-Petersson symplectic form. 

Notice that the same result was proved independently by Park-Takhtajan-Teo [PTTj. 

Our last result consists in analyzing the renormalized volume of families of convex co¬ 
compact hyperbolic 3-manifolds degenerating to a geometrically hnite manifold with rank- 
1 cusps. We dehne precisely an admissible degeneration of convex co-compact metrics in 
Dehnition 6.1, but essentially such a family of metrics {ge)e>o on X corresponds to having a 
disjoint union H = of ji simple curves in M = dX such that 
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Figure 1. We consider a case when the curve H is being pinched in the 
boundary M. The equidistant foliation is represented by the dotted lines. 

The first picture corresponds to the convex co-compact case and the second 
picture is the hyperbolic 3-manifold with a rank-1 cusp. The dark regions are 
the convex cores. 

(1) outside a uniform neighborhood U of H, converges smoothly to a metric on X\1I 
if p is a fixed boundary defining function of dX; 

(2) in U near Hj, the metric is isometric to a certain region of (7|)\B[^ where 7? G 
PSL2(C) is a loxodromic element converging as e —)• 0 to a parabolic element 7^ 
in such a way that aj{£)/lj{£) converges , where tj{£) and Q;j(e) are respectively 
the translation length and the holonomy angle of 7| (i.e., 7? is conjugated to z 1—>■ 

Our last theorem is 

Theorem 4. Assume g^ is an admissible degeneration of eonvex co-compact hyperbolic metrics 
on X, in the sense of Definition 6.1, to a geometrically finite hyperbolic metric go with rank-1 
cusps on X. Then 

limXoliX,g,) = Xo\R{X,go). 

We show in Proposition 6.2 that such admissible degenerations happen for instance on the 
boundary of the classical Schottky space. In [BrCa, Theorem 1.3], Bridgeman and Canary 
show that in other asymptotic regime (when the radius of injectivity of the hyperbolic metric 
in the domain of discontinuity is going to 0), the renormalized volume tends to —00. 

Acknowledgements. F. R. was partially supported by NSERC, FRQNT and a Canada 
research chair. C. G. and F. R. were partially supported by grant ANR-13-BS01-0007-01. 
S. M. was partially supported by the CNCS project PN-II-RU-TE-2012-3-0492. We thank R. 
Canary and J.-M. Schlenker for helpful discussions. 

2. Renormalized volume for geometrically finite hyperbolic 3-manifolds 

2.1. Geometrically finite hyperbolic 3-manifolds. In this Section, we recall the geome¬ 
try of geometrically finite hyperbolic manifolds of dimension 3. Eor more details, we refer to 
the paper of Bowditch [Bo], see also Mazzeo-Phillips [MaPh] or Guillarmou-Mazzeo [GuMa]. 
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A manifold X of dimension 3 is said to be geometrically finite hyperbolic if it can be realized 
as a quotient X = r\]HI^ by a Kleinian group T C PSL2(C) ~ PSO(3,1), so that its action on 
has a fundamental domain with hnitely many side. In higher dimension, this definition 
is not very natural and the correct one is given by Bowditch, however we shall restrict here 
to the 3-dimensional case. If we view as the open unit ball in it can be naturally 
compactified into the closed unit ball U S^, and elements of PSL2(C) acts on H^. 

We say that X has cusps if P contains parabolic elements in PSL2(C), i.e. elements which 
fix only one point in the closed unit ball If for each point p G fixed by a parabolic 
transformation 7^ G P, the subgroup Pp C P hxing p is the cyclic group generated by the 
element 7p, then we say that X has only cusps of rank 1, and we will make this assumption 
for what follows.^ 

We view as the unit ball in M^. We can add to X a conformal boundary by defining 

X := r\(H3 UII) 

where C is the domain of discontinuity of the group P, ie. the complement in 5^ of the 
limit set Ar consisiting of accumulation points in the closed unit ball of the orbit of any given 
point m G The manifold X is a smooth manifold with boundary and its boundary 

M := r\II = dX 

is a union of smooth Riemann surfaces, which has cusps if and only P has rank-1 cusps. It 
inherits a conformal class which is defined to be the conformal class of p^g\TM where g is the 
hyperbolic metric on X and p is any smooth boundary defining function in X (ie. p > 0, 
M = {p = 0} and dp\M never vanishes on M). Note that X is not compact if P has cusps. 

The important geometric fact that we shall use is the following: there exists a compact 
set X C X such that X \ X = where Uj are disjoint open sets of X, called cusp 

neighbourhoods^ so that p on n X is isometric through a map ij to 

{(z = y + ix,w) G X (M/|Z); \z\ > Rj}, 

dx"^ + dy"^ + duP' 

with metric g = -^- 

for some Rj > 0; here = {z G C; Im(^;) > 0} is viewed as the upper half plane. We shall 
therefore identify lij with the region in (2.1). Here jo is the number of rank-1 cusps. The 
compact X in X decomposes further into X = Xq U IX'’ where Xq is compact in X and Vd is 
a compact set of X such that the hyperbolic metric g in the interior of IX'’ near M is of the 
form g = g/p^ where p is a smooth boundary defining function of M and p is a smooth metric 
on X. The boundary M is a non compact Riemann surface with 2jo cusps, and M equipped 
with the conformal class [p^p|tm] is called the conformal boundary of X. Notice that, using 
an inversion {v + in) = —l/(p -b ix) in the factor of (2.1), the neighborhood Uj (1 X with 


2 


cusps of rank 2 are trivial to deal with for what concerns renormalized volume questions, since they generate 


ends with hnite volume in X. 
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metric g is also isometric to 

{{z = V + iu,w) G 


iZ); Izl < R. ^}, 


with metric g = 


du^ + dv^ + {u^ + v^ydw 


( 2 . 2 ) 


U‘^ 


Using this model for Uj, we see that we can compactify X into a compact smooth manifold 


with boundary, denoted X, by compactifying the open set (2.2) to 

{(z = V + iu, w) € EL^ X (M/^Z); \z\ < RJ^} 


(2.3) 


if is the closed upper half-plane of C, and with the smooth structure given by the smooth 
structure on x (M/^Z). This compactification amounts to adding a circle at each cusp of 
X, and clearly the interior of X is X and X is an open set in X. We denote by Hj each of 
these circles defined by {tt = u = 0} in (2.3), and let H := 

There is another natural compactification of X (and X) that arises, which corresponds to 
the real blow-up of H in dX in X, which we denote by Xc- This is a smooth manifold with 
corners of codimensions 2 defined as follows: by taking the representation (2.2) of we see 
that this has closure in X diffeomorphic to 


{(u, u, w) G M+ X M X (M/ jZ); < Rj 

and to define Xc, we replace this chart by the chart 


{(r,0,u;)G[O,i?7i)x[-f,f]x(M/iZ)} 

where r := and 9 := arctan U This corresponds to a real blow-up (denoted Xc = 

[X;if] in [Me, Chap. 5]) of the submanifold {{u,v,w) G Uy,u = v = 0}, which is a circle. 
In this way, the manifold with corners Xc has two boundary hypersurfaces. One, given by 
0 = ±|, is denoted M and is a compactification of M to a smooth surface with boundary, 
while the other, the cusp face, denoted cf, is given by r = 0 and is diffeomorphic to a 
cylinder [— f , f x (M/^Z)^ if there is only one cusp of rank 1. More generally, the connected 
components of cf are in one-to-one correspondence with the cusps of rank 1 of X with each 
connected component diffeomorphic to [—|, ^]e x (M/^Z)^. We will use this extended space 
Xc to describe the analytic structure of the geodesic boundary defining function of M in 
X near the cusps, which allows us to define the renormalized volume in that setting. To 
summarize, we have the following manifolds and inclusions 


dX = M CM, X C X C X, X C X C Xc=[X-,H]. 


2.2. Renormalized volume in the convex co-compact case. A geometrically finite hy¬ 
perbolic 3-manifold X = r\EI^ with no cusps is called convex co-compact. Such a manifold X 
can be decomposed as X = X U U where X C X is a compact region with smooth boundary 
and IX is isometric to 


M X (0, 6)p, with metric g 


dp^ -I- /i((Id -I- \p^Ay-, •) 


(2.4) 
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Figure 2. The manifold with corners Xc (the circle variable w is not rep¬ 
resented). The region V has finite volume and appears in the statement of 
Proposition 2.4. It corresponds to the region where the geodesic boundary 
defining function is well-defined. 


where M = r\fl is a compact surface (not necessarily connected), h is a metric on M, is a 
symmetric endomorphism of TM satisfying the trace and divergence properties 

Tr/i(^) =-|Scalh, 6h{A) = ^dScalh, (2.5) 

see [FeGr, Th 7.4] or [KrSc] for details. The product form (2.4) will also be written 


9 = 


dp^ + hQ + p^h2 + p'^hi 


with ho = h, /i 2 (-,-) = h{A-,-) and := \h{A^-,-). The manifold M is compact and, 

when equipped with the conformal class [p^g\TM] = [h], is the conformal boundary of X. As 
above, X can be compactified smoothly into X with boundary dX = M and p, viewed as a 
function on A \ IK is a smooth boundary defining function. The function p in U so that the 
metric has the form (2.4) is not unique and is characterized by the property 


dp 
P 9 


1 in U, 


and (p^p)Itm = h. 


In fact, for each metric h conformal to h, there is a unique function p near dX satisfying 
\dp/p\g = 1 and p^p|p=o = h, and we call p the geodesic boundary defining function associated 
to the conformal representative h. We just recall briefly the argument of Graham [Gr], as 
it will be useful later for the cusp case: take p a boundary defining function of X, then the 
structure of the hyperbolic metric on near its boundary implies that g = p^g is smooth 
up to dX and \dp/p\g is smooth on X and equal to 1 at dX (that follows from the fact that 
g has curvature —1 in IX, see [MaMe]), then writing h := (p^p )|tm and p = pe^ the equation 
\dplp\g = 1 with the condition p^g\Qx = h = e'^'^h for some p G is equivalent to the 

equation 


2{doj, dp)g + pjdwjg 


1 - \dp\ 

P 


with boundary condition oj\qj^ = p. 


This is a non-characteristic Hamilton-Jacobi equation with smooth coefficients which can be 
solved near the boundary by the method of characteristics and the solution is unique. We 
then extend p smoothly outside this neighborhood as a positive function in any fashion. The 
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form of the metric g in the collar neighborhood of M = dX induced by the gradient flow of p 
with respect to the metric (P'g is then of the form g = {dfp' + h{p ))/for some one-parameter 
smooth family h{p) of metrics on M parametrized by p, and the constant sectional curvature 
— 1 implies the form (2.4) with (2.5) (using Gauss and Codazzi constraint equations). 

If p is a geodesic boundary dehning function near dX associated to a conformal representa¬ 
tive /i G [h], extended smoothly as a positive function on X, then the form (2.4) of the metric 
in U implies that the Riemannian volume measure in U has the form p“^dvolg = G{p)dpdvo\h 
for some smooth function G G C“([0,(5)). It is then direct to see (see [Al, GMS] for details) 
that 


H{z) := [ pMvol 

Jx 


has a meromorphic extension from {z G C; Re(z) > 2} to C, with a simple pole at z = 0 and 
the value of the finite part of H{z) at z = 0 is independent of the value of p in any fixed 
compact set % G X: in fact 


H{z) = (fP,=o [ P^dvolg) +Vol3(3C). 
^ Jx\x ^ 


FP.=o 


We define the renormalized volume of X with respect to the conformal representative h G [h] 
by 


Xo\R{X,h) :=FP,=o / pMvol 


lx 


9- 


As a function on the set of metrics in the conformal class [h] with volume 2'Kx{dX), the 
functional Vol/j(A,/i) has a unique maximum at h = the unique hyperbolic metric in 

the conformal class, see for instance [GMS, Prop. 3.1]. 

Definition 2.1. Let A be a convex co-compact hyperbolic 3-manifold with conformal bound¬ 
ary (Af, [h]) a Riemann surface admitting a hyperbolic metric, ie. M does not contain genus-1 
connected components. Let G [h] be the unique hyperbolic representative in the confor¬ 
mal class [h], and let p be the geodesic boundary defining function associated to defined 
uniquely near M and extended smoothly as a positive function in X. The renormalized 
volume of X is defined to be 

Xo\r{X) := FP,=o [ P^dvolg = YolR{X,h^yP) 


lx 


where g is the hyperbolic metric on X. 


The choice of the conformal representative G [h] to be hyperbolic is important and 
yields particularly interesting properties of the renormalized volume related to quasi-Fuchsian 
reciprocity and construction of Kahler potential for the Weil-Peterson metric; see [KrSc, 
GMS]. 
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2.3. Uniformisation of Riemann surfaces with cusps. 

Definition 2.2. A hyperbolic cusp is a region {y > R} of the quotient {z ^ z + for 

some R > 0, where z = y + iw are coordinates on the hyperbolic half-plane 


This set is also isometric to 

{{R, oo)y X (M/jZ)^, h = ^ h = ^ + v^dw^'^. 

A surface with hyperbolic cusps (M, h) is a surface isometric outside a compact set to a finite 
disjoint union of hyperbolic cusps. 

We can compactify M into a smooth compact surface M with boundary by replacing each 
cusp end (0, x (M/^Z)^ by [0, x that is, by adding circles at infinity of the 

cusp end. 

We can also compactify M to a compact surface S by adding a finite number of points, 
one for each cusp. Define a conformal coordinate near such a point by ^ = exp(47r(—?/ -|- iw)). 
(The factor 47r is needed in order for to be well-defined for w G M/^Z.) We compute 

|dcp = (47r)2|C|2(dy2 + ^ (4^)2|^|2y2^^ (2.6) 

Since h is conformal to |dCp! ''^6 this way a conformal structure on S. If M is oriented, 

S becomes a compact Riemann surface. 


If we take a boundary defining function p in a geometrically finite hyperbolic 3-manifold 
with a certain behaviour near the cusps, we see that the conformal infinity M = dX will 
have a metric with a hyperbolic cusp in the conformal class: indeed, set p to be a smooth 
boundary defining function for M in X such that 


P = 




in U], 


Then the metric h := p^g\TM is a smooth metric on M which is given near the cusps, that is 
in II^ n M ~ {p G M; \y\ > Rj} x (M/^Z), by 


h = 


dy"^ + dw‘^ 

y2 


or equivalently, using the coordinates (u, u, 

, 2 , 2 
h = —5- -|- V dw , 


\y\ > Rj, tt) G M/jZ 
w) of (2.2), p = uj^fuF^r^ and 
0 < |u| < i-jRj, w G M/gZ. 


We define on M the space Q°°{M) to be the Frechet subspace of C°°{M) consisting of 
functions vanishing to infinite order at dM. We also define S“(M) to be the subspace of 
C°°(M) consisting of functions / such that d^f G C°°(M). This corresponds to smooth 
functions whose Taylor series at the boundary is of the form 

00 

fix, 9) ~ 

k=0 


(2.7) 
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where are constants, rather than functions of w. On a surface {M,h) with hyperbolic 
cusps, we say that a symmetric tensor h' G S‘^{T*M)) is a cusp symmetric tensor if 

there exist A G End(TM)) self-adjoint with respect to h such that •) = h{A-, •). 

We hrst claim the following uniformisation theorem, see [RoZh, Theorem 3] for a related 
result for Kahler-Einstein metrics. 

Proposition 2.3. Let h be a metric on a surface M with hyperbolic cusps and let M be the 
compactification as above. There exists a unique conformal factor ip G (M) n L°° (M) such 
that hA>'P = e^^h has constant curvature —1 on M. Moreover, p G and plgjj; = 0. 

More precisely, in every cusp of M, 

p{v, w) + log(l -I- av) G (M) 

for some a G M depending on the cusp. 

Proof. The surface (M, h) is conformal to the compact Riemann surface S with a hnite number 
of points removed, hence its fundamental group is non-commutative and free. The PoincarW 
Koebe uniformization theorem implies that M with its induced conformal structure is con¬ 
formal to a complete hyperbolic quotient. In other words, there exists a unique conformal 
factor p G Q°°{M) such that the Riemannian metric hf^^^ = is hyperbolic and complete. 
The complete hyperbolic metric on a punctured Riemann surface is known to have hyperbolic 
cusps near the punctures, hence there exist isometries between the hyperbolic cusps of h 
and near the punctures. Such a d> is a holomorphic self-map of S defined only near the 
punctures, and ^*h = e^'^h. 

Note that <1> is an isometry, hence it is proper. It follows that it extends continuously 
as the identity on the punctures. The possible singularities of <I> at the punctures are thus 
removable since the target surface S is compact, so in terms of the complex variable C = 
exp( 47 r(—y -|- iw)), we have = C/(C) with /(O) = 4>'(0) / 0 . Then using ( 2 . 6 ) 

h = __=_ - _|dG|2 

16vr2|C|V ICPlog^lCl' ■ 

This implies 

+ ft 

IC/(C)Piog 2 |C/(C)l (i I log 1/(01 f ■ 

loglCI ) 

In terms of the boundary-defining function v = 1/y, 

log Id = G e“(M), log 1/(01 - log |/(0)| G e“(M). 

Thus the conformal factor satifies (^-|-log(l — v) G C°°(M) near the cusp. □ 
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2.4. The renormalized volume of geometrically finite hyperbolic 3-manifolds. We 

now wish to define a renormalized volume for a geometrically finite hyperbolic 3-manifold 
X with rank-1 cusps. We proceed like in the convex co-compact case, by first uniformizing 
the conformal infinity (M, [h]) with the choice of the finite volume hyperbolic metric h in the 
conformal class and then constructing a geodesic boundary defining function pva. X associated 
to h. The difficulty here is that the conformal boundary is non-compact and it is not clear 
what the behavior of the function p near the cusp in X is. We proceed as in Section 2.3: we 
start by choosing p as a smooth boundary defining function near dX = M which is equal to 
p = ujy/v? + in the model (2.2) of each cusp neighborhood Uj, the metric h G [h] obtained 
hy h = p^g\TM in the conformal infinity is then hyperbolic outside a compact region of M. 
Then by Proposition 2.3 we know that there exists a hyperbolic metric with 

ip G Q°°{M) and ifloyf = 0. We obtain the following Proposition, whose proof is done in 
Section 6.3. 


Proposition 2.4. Let X he a geometrically finite hyperbolic 3-manifold with rank-1 cusps. 
Let (M, [h]) be the conformal infinity and h^^'^ be the complete hyperbolic metric with cusps 
in the conformal class obtained from Proposition 2.3. For eaeh G C“(M), consider the 
conformal representative h := . There exists a smooth boundary defining function 

p G C°°(Xc) of the boundary hypersurface M in Xc and a closed set V C Xc with finite 
volume, intersecting dXc only at cf, such that 

dp 


P 


= 1 in Xc\V, p g\TM = h. 


( 2 . 8 ) 


The function p is defined uniquely near M. There is a smooth diffeomorphism (/> : Mx [0, e)^; —>■ 
Xc \ V such that cf* p = x and (jfg admits a finite expansion in powers of x, 


4>*9 


dx‘^ -\- fiQ -\- x‘^h2 -\- \x‘^hi 


(2.9) 


where the coefficients ho = h and /i 2,^4 are cusp symmetric tensors such that 

Tr^„(^ 2 ) =-^Scal^^ and ^^^(/la) = ^dScal^^ 

and h4{-,-) = ^ho{A^-,-) if h 2 {-,-) = ho{A-,-). Finally, the function H{z) := J^p^Avolg 
admits a meromorphic extension from Re( 2 ;) > 2 to a neighborhood of z = 0, with pole of 
order 1 at z = 0. 


A smooth boundary defining function of M in Xc is called geodesic boundary defining 
function associated to h if it satisfies (2.8). Similarly to the convex co-compact case, the 
value of the finite part at 2 ; = 0 of the integral in any compact subset V C Xc \ M is 
independent of the value of p in V: 

FP,=o^(^) = (fP,=o [ pMvolg) +Volg(V). 

^ Jx\v ^ 

This is a consequence of the fact that V has finite volume. In other words, FP 2 =oFI (z) depends 
only on the values of p in arbitrarily small neighborhoods of M in Xc, and thus it depends 
only on the conformal representative h G [h] in the conformal infinity. 
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Now we can define the renormalized volume in this setting: 

Definition 2.5. Let X be a geometrically finite hyperbolic 3-manifold with rank-1 cusps, and 
with conformal boundary (M, [h]) admitting a complete hyperbolic metric. Let G [h] 
be the unique hyperbolic representative in the conformal class [h]. For 'll) G let 

p G C°°(Xc) be the geodesic boundary defining function of M associated to h := 
defined uniquely by Proposition 2.4 in a neighborhood of M in Xc and extended in any 
fashion as a positive smooth function in Xc \ M. The renormalized volume of X associated 
to the conformal representative h = is defined to be 

\o\R{X,h) :=FP,=o [ P^dvolg 
Jx 

where g is the hyperbolic metric on X. We define the renormalized volume of X by 

XoIr{X) :=XolRiX,h^yP). 

3. Formation of a cusp from Schottky groups 

3.1. Notations. We shall use mainly the representation of as a half-space x Cz in 

the boundary then becomes = {0} x C ~ C. 

The intersection of x Cz with the Euclidean ball of radius r > 0 centered at 

a boundary point z G is called a half-ball of and we denote it by B{z,r). The 
boundary of a half-ball B(z, r) in is called a half-sphere of center 2 G C and radius r > 0, 
and is denoted by H{z, r). In terms of hyperbolic geometry, B{z, r) is an unbounded domain 
with totally geodesic boundary given by the half-sphere H{z, r) = dB{z, r) n We say that 
the ball is supported by the disc D{z,r) C C of center 2; and radius r (this corresponds to 
n B{z,r)). Similarly we say that H{z,r) is supported by the circle C{z,r) = dD{z,r) in 
~ C (this corresponds to Cl H{z,r)). 

3.2. Schottky groups. We shall analyze the behaviour of Volij(X^) for a family (X^)e>o of 
convex co-compact hyperbolic 3-manifolds such that, as e —?• 0, X^ converges to a hyperbolic 
3-manifold X^ with rank-1 cusps. Here, we take e > 0 to be a continuous parameter, but 
one could of course also consider sequences. The case that we consider is a smooth (in e > 0) 
family of Schottky groups F^ with certain loxodromic generators of PSL 2 (C) converging to 
parabolic transformations of PSL 2 (C). 

We recall that a marked Schottky group F C PSL 2 (C) of genus g with standard generators 
71, • • •, 7 g £ PSL 2 (C) is a group generated by these generators such that there exist 2g disjoint 
Jordan curves {C±j)j=i,,,^g in bounding a connected open domain D C with 

7 j(Zl) D D = 9 and 'yj(C-j) = C+j. Then F is free and contains only loxodromic elements, 
with fundamental domain D Uj C±j C for the action of F on the discontinuity set U C 
(which is connected open and dense set in S^). It is shown by Chuckrow [Ch] that every set 
of g free generators of a Schottky group is in fact a set of standard generators. A Schottky 
group is said to be a classical Schottky group if there is some set of free generators for which 
the curves C±j can be taken to be circles. A family of circles associated to the generators 
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satisfying the conditions as above will be called a set of adapted circles. Such a set is of course 
not unique. We can view F as a discrete group of isometries acting freely and discontinuously 
on and as a group of conformal transformations acting freely and discontinuously on the 
discontinuity set C To define the Schottky space §g, we follow Chuckrow [Ch]: PSL2(C) 
identifies with PsiC) \ Y where PslC) is the 3 -dimensional complex projective space, and Y 
the algebraic submanifold {7 G PSL2(C);det7 = 0 }. Consider the subset Ug of (PSL2(C))® 
consisting of groups with g generators 71,..., 7^ such that there are at least 3 distincts fixed 
points among those of jj. Then Ug is an open and connected subset of (P3(C) \ Y)^. There 
is an action of PSL2(C) on Ug by conjugation: 

(B, (7i,...,7g)) HA 

and Ug/PSL2(C) is a complex manifold of dimension 3g—3 with the natural topology inherited 
from (PSL2(C))^. One way of fixing coordinates on this space is to fix 3 distincts fixed points 
of the generators by conjugating the group with an appropriate element of PSL2(C). More 
precisely near a P G Ilg/PSL2(C), up to conjugation, we can choose the generators 7^ so that 
0, 1 and 00 are the three distinct fixed points among the generators, then there are local 
complex coordinates on 'lXg/PSL2(C) near [P] given by the coefficients aj,bj,Cj,dj G C so 
that 'Yj(z) = {ajz + bj)j{cjZ -|- dj) with ajdj — bjCj = 1 (notice that 3 complex parameters 
among the 'jj are fixed). The Schottky space §g is the subset of 'Ug/PSL2(C) corresponding to 
equivalence classes of marked Schottky groups. For a group P G S^, we can always choose the 
three distinct fixed points to be the repulsive and attractive fixed point of 71 and the repulsive 
fixed point of 72, and one then gets global complex coordinates by conjugating the groups so 
that 0 and 00 are the attractive and repulsive fixed point of 71 and 1 is the repulsive point 
of 72. This system of coordinates is not well adapted to the description of groups tending 
to the boundary of §g with 71 becoming parabolic. Chuckrow [Ch, Lemma 5 ] showed that 
§g is a connected open subset of 'lXg/PSL2(C). The Schottky classical space 8° is the open 
subset of those groups which are classical. Chuckrow [Ch, Theorems 4 and 5 ] also showed that 
boundary points in d§g are free groups with g generators, without elliptic transformations, 
which either have a parabolic element or are not discontinuous, and both cases may happen. 
Harden [Ma] proved that groups in dSg are discrete, that §g \ is a non-empty open set, 
and groups in are discontinuous. Later Jorgensen-Marden-Maskit [JMM] proved that all 
points in d§^ are geometrically finite Kleinian group with parabolic elements. Thus is 
better behaved and we will only focus on this space. 


3.3. Admissible Schottky groups. We consider a sequence of classical Schottky groups 
P*^ G Sg where (7 f,..., 7|) converge to (7 °,..., 7°) with P*^ generated by these elements 
in dSg n dSg as e —)> 0, so that P*^ is a geometrically finite free group with g generators, 
with parabolic elements. We assume that 7? is smooth in e G [0,1] for j < g. We use the 
coordinates on §g as above, so that the fixed points of 7^ are 0 and 00, and the repulsive 
point of 72 is 1. For notational simplicity, we shall sometime remove the 0 superscript for 
the limiting objects at e = 0, for instance we shall use 7^ for 7^. We write these elements of 
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PSL2(C) as 


^ ^ aj{e)z + hj{e) 

^ CjZ + dj' ^ Cj{e)z + dj{e)' 

with Qjdj — bjCj = 1 and aj{e)dj{e) — bj{e)cj{e) = 1. 
For j < jo, the fixed points of 7? are denoted p±j(£) and given by 


P±j(e) 


aj{e)-dj{e) , \/Tr(7|)^-4 

2cj (e) 2cj (e) 


( 3 . 1 ) 


(we use the determination of on C\M_). Up to possibly exchanging 7| by its inverse in our 
choice of generators, we can assume that p+j{e) is the attractive, and P-jis) the repulsive fixed 
point. The geodesic in relating p-j{e) to p+j{s) is called the axis of 7?. The Euclidean 
distance in C between the two fixed points of 7| is 

I Tr(7f)^ — 4|2 

\p^jie) - p.jie)\ = ' ■ . ( 3 . 2 ) 

I Cj U j I 

Take a family of adapted circles C^j bounding a fundamental domain D^. Notice that has 
compact closure contained in the region bounded by C^_i and in C. If the circles are 
not contained in a compact set of C independent of e, then all fixed points of a subsequence 
of 7| for j > 1 tend to 00, and that is not possible since the limiting transformations 7j and 
7fc can not have common fixed points if j 7^ A;, according to [Ma, Lemma 2 . 3 ]. For the same 
reason, D‘^ can not shrink to 0 and more generally to a point of C. Up to extraction of a 
subsequence Sn —)■ 0, the circles then converge to circles or points, and for j = I the limits 
C±i are circles. If they are disjoint then the limiting domain is non-empty and thus, if 
some circle C^- converge to a point p, we obtain a contradiction since 7^ would have to map 
D to p. This shows in that case that all C^- converge to circles C±j. If C+i = C-i, then 
since 7f —)• 71, we necessarily have that 71 is elliptic or the Identity, but this can not happen 
by [Ch] since T*^ can not contain elliptic elements and must be a free group with g generators 
given by 71,.. .7^. We thus conclude that —)■ non-empty, bounded by circles C±j. 
Necessarily, at least two of the circles C±j must intersect at a point since we assume that T^ 
is not in §g. We will make the assumption that the limiting circles satisfy 


C±j n (C+fc u C_k) = 0, if j / k. 


( 3 . 3 ) 


Thus there are g —jo of the generators •jj that are parabolic for some 0 < jo < g — 1 - Without 
loss of generality, we choose them to be jj for j = jo + 1 ,g. For j < jo the 7^ are 
loxodromic. If j > jo, we have Tr(7j) = 2 at the limit and the unique fixed point of the 
parabolic transformation is pj = and we have that | Tr(7|) — 2| 2 /\cj{e)\ —>■ 0 as e —>■ 0. 

The fundamental domain for F^ is uniformly bounded in C, and Cj{e) 7^ 0 for j > 1 in order 

to have adapted circles associated to 7j. To be adapted, the disk bounded by the circle 

has to contain the point z = aj(e)/cj(e) (which is the image of 00 by 7|) and the disk 
bounded by the circle has to contain z = —dj{s)/cj{s) (which is mapped to 00 by 7|); since 
also contains p±j{s), we deduce that when j > jo and e —)■ 0, the fact that p±j{e) — )• Pj 
implies that the radius of is bounded below by (|Tr(7?)| — | Tr(7?) — 2|2)/4|cj(e)| for 
small e > 0 . In particular Cj{e) converge to Cj 7^ 0 as otherwise the radius of the adapted 
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circles would tend to oo. There is a subsequence £n where for each j there are adapted circles 
associated to the 7^™ that converge to circles (also denoted C±j), which are tangent 
if and only if j > jo and with C+j H C-j = pj being the fixed point of 7^. Then the limiting 
(tangent) adapted circles for j > jo have radius bounded below by l/2|cj|. Moreover, an easy 
computation shows that 7j preserve the line + M) C C that we call the axis of 7^. 

The element 7^ is of the form 


li{z) = qi{£)z, qi{£) G C, |gi(e)| > 1 


and each 7? for j > 1 can be written as the transformation of C ~ \ {00} satisfying 

9'o7(0= 

where p±j(e) G C are the two fixed points of 7? and (?j(e) G C is the complex multiplier 
with |(?j(e)| > 1 (we take p+j{£) to be the attractive fixed point). The multiplier will also be 
written as 

g^.(e) = (3.4) 

for some f'j(e) > 0 and aj(e) G [ 0 , 27 r). Since for j > jo, 7? converge to a parabolic element 7^ 
with fixed point pj, then qj{£) —)• 1 since Tr(7|)^ — 4 = (gj(e) — l)^/gj(e) must converge to 0 . 
The axis of 7? is mapped to M"'' x { 0 } C EI^ by in the half-space model = M+ x 

The set D‘^ is a fundamental domain for the action of T^ on the discontinuity set C C. 

The group acts properly discontinuously on n*" by conformal transformations and the quotient 
= T^\D^ = is a closed Riemann surface of genus g, with conformal structure 

induced by that of C. It is the conformal boundary of the hyperbolic 3-manifold := 

We denote by C EI^ the fundamental domain for the group T^ with totally geodesic 
boundary satisfying n 5EI^ = in particular Up to extraction of a 

subsequence, these fundamental domains converge to and F^ (that we also denote D and 
F) and X^ = is a geometrically finite hyperbolic manifold (that we also denote X). 


We define the parameters 

\j{£) := 


|P+i(£) -P-j(g) 

^j{£) 


Vj{£) := 


«j(£) 
lj{e) ■ 


(3.5) 


Then since Cj(e) is smooth in [0,1] and Tr(7|) = qj{£)^ + qjis) 2, we see from (3.2) that if 
Uj(e) is smooth, then Aj(e) extends smoothly in e G [0,1] and 


Aj := limAj(e) = (1 + )V|cj|. 


(3.6) 


In fact, if Uj(e) is smooth, then by (3.1) we have that extends smoothly to e = 0 

with 


P+j(g) -P-j(£) 

ij{£) 


(1 -|- ivj)/cj as e —>■ 0. 


(3.7) 


Definition 3.1. For a smooth family of multipliers e —)■ q{£) G C'°°([0,1];C \ D(0,1)) with 
q{0) = 1 and |g(e)| > 1 if e > 0, we say that q{£) is admissible if q{£) = for 

some real valued functions ^(e), u(e) smooth in e G [0,1]. We say that a smooth family T"^ of 
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classical Schottky groups of genus g is admissible if each multiplier qj{e) of the generator 7? 
is either admissible or 7^ = 7^ is loxodromic, and if there is a subsequence Sn ^ 0 for which 
there are 2 g adapted circles converging to C±j such that if two of the limiting 2 g circles 
C±j intersect, this can only be C+j n C-j = {pj} for j so that 7^ is parabolic with fixed point 

Pj. 


3.4. Canonical circles. The adapted circles associated to the elements 7? can actually 
be taken smoothly in e > 0, but they are not in general of the best form to get a local model 
description of the geometry with respect to e —?■ 0. In addition it is not clear if they can be 
taken smoothly down to e = 0, but we will show below that if the family of Schottky groups 
T'" is admissible, then we can find a smooth family of fundamental domains down to e = 0, 
which are bounded by pieces of circles near the punctures. 

For this purpose and to obtain a nice description of the degeneration near the punctures, 
we define the notion of canonical circles for a loxodromic transformation. 

If 7 G PSL2(C) is loxodromic with fixed points p- and and multiplier q = 6^(1+**^) with 
£ > 0 and 0 o 7 o 0~^(z) = qz for some 6 G PSL2(C), the canonical circles for 7 will be the 
circles 

C± := 0~^{{z] l^l = e^2}) = {z € C-,\z — z±\ = r}, with 

p^-p± \p+-p-\ (3-8) 

%:=P± + 7- 7 ^, ^ = o ■ 

1—e ^ ismhft/ij 

Lemma 3.2. Let 7 G PSL 2 (C) he loxodromic with multiplier q = et{i+iv) fixed points 
P-,p+ G C, and let C:^ be its associated canonical circles, defined by (3.8). Then the trans¬ 
formation 7 maps the exterior of the disk bounded by C_ to the interior of the disk 
bounded by C+. 


Proof. Consider now the two concentric circles S± := {\z 
complex dilation by (7 in C. Consider the transformations 


(j){z) 


z - 1 
z + 1 ’ 


fi(z) = z + 


P++P- 

P+-P-' 


ri{z) 


= 


} and let m{q) be the 


P+ -P-(£) „ 


(3.9) 


The composition r/i/nji maps {0,00} to {p_,p+} and 7 = {gfj 4 >)m{q){rjip 4 >) The circles C± 
are mapped hy 9 := to {\z\ = and the Lemma follows directly. □ 


We shall denote by the canonical circles of 7?; a priori they are not adapted circles for 
the group. For j > jo, assuming that Uj(e) is smooth in e G [0,1], we see by (3.8) and (3.7) 
that extends smoothly to e = 0 with limiting circles tangent at pj, with radius rj 
and center z±j given by 


C = ^3 = 


1 + u] 


(1 + iuj) 

^±7 ~ Pj ^ 

Cj \Cj\ 

Note that the lines passing through the centers z+j and Z-j intersect the axis of the parabolic 
transformation 7^ at an angle arctan(uj). 
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3.5. Good fundamental domains. For F^ a family of admissible Schottky groups we have 
a subsequence of fundamental domains with totally geodesic boundary and with = 
n bounded by the adapted circles C'^j, and F^^ and are converging to F^ 

and D^, where is bounded by the limiting circles C±j. From the limiting domain F^, we 
shall construct new fundamental domains F^ for F*" for small £ > 0, called good fundamental 
domains and constructed by combining canonical circles with the limiting adapted circles C±j. 
The domain = dF^ H will be bounded by Jordan curves instead of circles, but their 
form near the parabolic points pj will be a good model for the geometry as e —)• 0 near the 
punctures. 

Notice that we can always choose Jq > 0 and eo > 0 small enough so that for each j > jo 
and 5 G (0, Sq), for all 0 < e < eo the half-ball B{pj, J) C is at positive Euclidean distance 
from all connected components of dF^ \ dF^ n except those half-spheres supported by 

Recall that are the canonical circles of 7?, and denote by C C the disk bounded 
by C^j. We then show the existence of good fundamental domains: 

Lemma 3.3. There exists 6 G (0,Jo) such that for all e G [0, eo], there exist fundamental 
domains F^ for F^ acting on with the following properties: 

• the boundary dF^ is a smooth in e £ [0, eo] collection of 2g smooth hypersurfaces 

homeomorphic to half-spheres: more precisely H^ - is the image of F[^j 
by a smooth in s G [0,eo] family of diffeomorphisms of IP equal to Id at e = 0. The 
closures of in BI^ are all disjoint except when e = 0 where H^- n = {pj} for 

j > Jo- _ 

• each 7| maps the exterior of the compact domain bounded by Hf- in BI^ to the interior 

of the compact domain bounded by in BI^ . 

• For each j > jo, F^ n B{pj,S) = F? n B{pj,5) if F? is the fundamental domain 
with totally geodesic boundary for the cyclic group (y?) and satisfying dF? n 9BI^ = 

Proof For j < jo, we can take Fftj = to be the half-spheres supported by the circles 
and Hf- = Yj{H^)- Since 7? —)• 7^ and C±j are adapted circles for the limiting 7^, clearly 
for small enough e the hypersurfaces satisfy the desired properties. Now we deal with 
the more delicate part, that is when j > jo and the limiting 7^ is parabolic. We take 5 small, 
but independent of e > 0, and take a large C > 0 so that B{pj,C5) is at positive distance 
from the half-spheres supported by the limiting C±k at 9BI^ for k j. Note that C can be 
taken large by taking S small (for instance C ~ works). We start with e = 0, where 

we will modify F^ to F^ near the parabolic points pj. We may assume that as 

otherwise it suffices to take FI^j to be the half-spheres supported by D±j, which satisfy the 
desired properties. By conjugating hy f : z l/{z — pj) the parabolic element yj becomes 
a parabolic transformation fixing 00, thus of the form z z c for some c G C, which in 
BI^ acts by Tc : (x, z) —)• {x, z c). The half-balls B{pj,S) and B{pj, C6) are mapped by the 
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Figure 3. The new fundamental domain T in ~ C before smoothing is 
given by the dark region 


Poincare extension of to (the interior of) 6 and EI^\i?(0, {C6) ^). The circles 

and C^_j are mapped to lines L and L of C with respective tangent vector r G C and 
r G C, and and are images of these lines by 2 i-)- z + c, that is L + c and L + c. 

The half-spheres of supported by and are mapped to vertical planes M"*" x L and 
M"*" X L by and the image of the half-spheres supported by C^j and are M"*" x (L -|- c) 
and M+ X (L + c). Note that 5 := $(+0 n L(pj, C(5)) and S := n B{pj,C6))ndM.^ 

are strips in C \ D(0, ((7(5)“^) bounded by L and L + c (resp. L and L + c). For the following 
part of the proof, we recommend the reader to see Figure 3 while reading the argument. 

For C > 0 large and 5 > 0 small, consider the annulus As := {((7(5)“^ < \z\ < 5“^} in 
C viewed as the boundary of the half-space If J > 0 is chosen very small, then in As 
the strips bounded by L and L + c and the strips bounded by L and L + c are at a positive 
distance. We can then take two segments Ti and T 2 in As with extremities on L and L, which 
are transverse to the lines with tangent vector c G C. Then P, := Ut=g[o^i](ri + tc) for i = 1, 2 
are two parallelograms with vertices on L, L + c, L, L + c. Then there is a unique fundamental 
domain T C C for the translation z —>■ 2; + c, with boundary made of two piecewise linear 
curves Z and Z + c, with Z containing 5 segments, and such that 2) is equal to S outside 
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\z\ < d~^, to S inside \z\ < and contains the parallelograms Pi and P2. The two 

points of D at the largest distance from S are vertices and V 2 of Pi and P2 (we choose vi 
to be the one on L), and there is a homotopy ht (for t G [0,1]) between P and S which can be 
done in the obvious way by moving vi along L toward := Lf] L and V 2 along L + c toward 
V 2 ■= (L + c) n (L + c) linearly in t. By choosing C > 0 large enough, there exists a height 
xq G ((CJ)"^, 5“^) so that in the half-space Uig]o,i]({txo} x ht{Pi U P2)) is contained in 
B{0,6~^) \ P(0, ((7(5)“^). We thus take the fundamental domain 3“ C x C = for the 
quotient (Pc)\IHI^ given by 

T=( y ({txo} X/ii(P))^ U ([xo,+oo) X 5). 

* 6 ( 0 , 1 ] 

This has a piecewise smooth boundary, and can be smoothed out by an arbitrarily small 
perturbation in P(0,5“^) \ P(0, ((75)“^). For convenience we keep the same notation for 
the smoothed fundamental domain. By construction, <1>“^(3') n B{pj,C5) gives the desired 
modification of inside B{pj, C6) to produce P^. This construction defines the hypersurfaces 
H±j^ which are the connected components of dF^ \ dF^ n 9EI^. 

Next we want to use a perturbation argument to construct H^j from For each j > jo, 
there exists a smooth family in e G [0,eo] of Mobius transformations Aj G PSL2(C) which 
map C^j onto Ctj- It is just a composition of a translation and a dilation, and equals Id 
at e = 0. Then Hij := A^jHF is a smooth hypersurface and define := 'yj(Htj); both 
hypersurfaces are disjoint from other for small e since it is the case for e = 0. The point 
dj jcj G C that is mapped to 00 by 7j is in the disk bounded by C-j , and since —)■ Id 

as e —>■ 0, we see that for e > 0 small enough dj{£)jCj{e) is in the domain bounded by the 
curve dH^_j n C C and thus property 2) in the Lemma is satisfied for this choice of 
By construction, in B{pj, 5 ) the hypersurfaces Hj^ - are given by pieces of half-spheres 
supported by Cj^y and outside B{pj, 6 ) they are arbitrarily close to since Aj —)• Id in 
gfc-norms, thus we deduce that Htj H = 0 for e > 0 small enough. These conditions 
ensure that the domain P^ bounded by the hypersurfaces is a fundamental domain for 
F'" satisfying all the desired properties of the Lemma. □ 


4. Analysis of the model degeneration 


In this section, we shall describe more precisely the model geometry for the degeneracy to 
a rank-1 cusp. Let 7^ G PSL2(C) be loxodromic with multiplier q = and fixed points 

P- = 0 and p+ = X£ for some A > 0; we write L = {i, u, A) and we take 

L G Q := (0,1] X [-A,A] X [iV-\ A] (4.1) 


for some A > 0 fixed. Using (3.7), the set of those such that L G Q has closure such that 
the boundary {£ = 0} corresponds to parabolic elements 


iLiz) 


z 


with c = 


1 + iv 


L = (0, u. A) 


cz -|- 1 


A 
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fixing =0. We denote by Q the closure of Q, and we define the parabolic boundary 

of Q as the set {£ = 0}. There is a smooth fibration 


n : X — 7 - Q, with fibers the manifolds 
U-\L)=Xl := 


(4.2) 


where Ql = \ {0, \ f\ the discontinuity set of the cyclic group ( 7 l). A cusp region of 

is the image of a neighborhood i?(0, (5) of 0 G by the covering map : (H^ U VLl) Xl 
and we say that U^q (5(0, (i)) is the cusp region of X. 

If |g| > 1, consider the isometry of the hyperbolic space = M+ x 


m{q) : (x,z) (-A [\q\x,qz) (4-3) 

and the quotient of by the elementary group {m{q)) generated by m{q) 

Xm(g) ■= {'m{q))\M^ with covering map 'Km{q) ■ (4-4) 


Lemma 4.1. For L = G Q, let 7 ^ G PSL 2 (C) be loxodromic with multiplier q = 

^e{i+iv) fixed points p- = 0 and G (0, 00 ), and let be its associated canonical 

circles, defined by (3.8). Let C C be the disk bounded by and Fl C the fundamental 
domain for the eyelic group ( 7 ^) with totally geodesic boundary satisfying dFi n = C \ 
{D^ U D^). Let —)• ( 7 i)\EI^ denote the covering map, then for (i > 0 small and for 

Xi < S, the set 

Ui :=7r^j5(0,5)nFi) (4.5) 

is isometric to 

^m(g) ({(x, z) G \ B(e, p)] e"5^ < x"^ + jzp < (4.6) 


where e{L) G C C cffill^ and p{L) > 0 have asymptotics for small i 

e(L) = -l-^ + 0(^), p(L) = f + 0(^). 

The isometry from (4.5) to (4.6) is given by 

xXl —x‘^ — \z\'^ + Xlz\^ 
z —+ Iz —A£p + x2 /' 


Ql{x,z) := 


(4.7) 


(4.8) 


Proof. We use the notations of the proof of Lemma 3.2. We have a composition piff which 
maps {0, 00 } to {0, XL} and 7 = p'ip4' '>xi-{q){p'f’4>)~^■ We define 0 to be the Poincare extension 
of 0 = to the half-space thus given by (4.8). We check that the image of 5(0, 5) 

under is the complement of the half-ball B{e,p) as claimed in the statement of the 

Lemma: maps 5(0,5) to the half-ball centered at {x,z) = (0,-1) and radius 25IXi, 

then (f)~^ maps to the complement of the half-ball with center and radius 

(X, Z ) = (0, —1 — p 3 ^ 2 p), P = 1521^2£21 

which proves the claim. □ 
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The following Proposition describes the model manifold -^^( 5 ) with more appropriate co¬ 
ordinates; the proof involves a sequence of tedious (and not very enlightning) computations, 
we thus have deferred its proof in the Appendix. 

Proposition 4.2. Assume that L = (£, u, A) G Q with the notation (4.1), then there is an 
isometry between the solid torus (4.4) and the manifold (M/^Z)^, x equipped with 

the metric 

du^ + dv"^ + ((1 + — 4:u‘^i‘^u^)dw'^ + 2v{R^ — 2u^)dwdv + Avuvdudw qx 

9l 9 ^ ' 

where R := . With e{L),p{L) given by (4.7), the neighborhood 

'^m{q) ({(a;, 2 ;) G \ B{e, p)] e"5^ < ^/x^^T~\W < (4-10) 

is mapped by to the set 

Wi := 7r^(^{(u;,C) e [- 3 , j) x |C - ul(r')| < TLiw)}'^ (4.11) 

where : M x —)> (M/^Z) xH^ is the covering map, and tl{w),vl{w) are smooth functions 
of w ^ [“iji;) which converge uniformly as £ ^ 0 to some Tx^y{w) and v\^y{w) satisfying 
vx,u{w) = 0(5^) and tx,u{w) = 25/\ + 0((5^) uniformly in |t(;| < 1/4. Finally, the map 

(L, X, z)^{L,^lo Ql{x, z)) G (Q X (M/^Z) x W) 

extends smoothly to a neighborhood of the cusp region ofX and is a difjeomorphism with image 
P \ {£ = 0, C = 0} where V is some neighborhood of {£ = 0,( = 0}. 


Notice that when £ —)• 0, the limiting model in Proposition 4.2 is (M/^Z)^ x 
equipped with the metric 

du^ + dv"^ + (1 + + v'^Ydw'^ + 2i/(u^ — u^)dwdv + Auuvdudw /. , r,\ 

go = - 5 - 

Writing x := ■= this becomes 




90 = 


-|- dy^ + (1 + v^dw^ + 2vdwdy 


and thus taking {x',y',w') = and the inverted coordinates («' = 

we obtain 

dx'^ -|- dy'^ + dw'"^ du'‘^ + dx'^ + (u'^ + v'‘^)‘^dw'‘^ 


, v' = -we obtain 


90 = 


rl2 


,,/2 


which is exactly the model metric of (2.2). We can then write this change of variable 


' — (1 + U^)^/^X(1 — ), x' — (1 + U^)x(l — 


i?(T+Izy+7^ 


) 


w = w — 


V V 

1 + v'^ A u‘^ 


(4.13) 


(4.14) 




















RENORMALIZED VOLUME OF PUNCTURED SURFACES 


23 


and if we take the fundamental domain [—x for (IR/^Z)^, x we see that the 

corresponding fundamental domain in the coordinates {u',v’,w’) for the action w' ^ w' + ^ 
becomes 

D:= + GMxe2;u;' + ^^ € [-h\]}- (4-15) 

This explicit isometry will be used later since it is sometime more convenient to work in the 
model (4.13) than in the model (4.12). 

The function f7 := ^ in dehnes the boundary corresponding to dX^ via 4?^ o We 
will see later that, near the cusp, this function is a boundary defining function on a space 
that compactifies X as a manifold with corners. This function will essentially give the form 
of the equidistant foliation near the pinched geodesic. 

Lemma 4.3. Let U := ^ he the chosen boundary defining function in then the metric 
hi ■= (1+ u^)(t^^fl'L)|c/=o the conformal infinity induced hy the defining function Uy/l + 
is given by 

hi ■■= (1 + u^) ( ^ 2 ^^ £2 + + y^)dw‘^ + 2iydvdv?j 

and has constant Gaussian curvature —1. 


Proof. First we notice that h}f := is flat, since it is given by 

= dO^ + i^{l + i'‘^)dw‘^ + 2iud9dw 

with 6 := arctan(u/t'), and thus the Gaussian curvature of Ll is given by 


2(l + u2)u2+^2 


)) = (cos(9)25|(logcos(6l)) = 


= -1 


which hnishes the proof. 


□ 


5. Formation of a cusp on surfaces 

In this section, we discuss the uniformisation on a Riemann surface when there is a degen¬ 
eration to a surface with cusps. 

We start by setting the assumptions. Let Ai be a compact surface of genus g > 2 and h^ a 
family of smooth metrics on N for e > 0. Assume that there is a finite family of disjoint smooth 
embedded circles (^^j)j=i,...ji on N (for some ji G N) which satisfies the following properties: 
there exist A > a > 0 and some connected open neighborhoods Zj C (M/^Z) x (—A, A) of 
(M/4 z) X {0} and some neighborhood of Hj in N such that (M/^Z) x {—a, a) C Zj, and 
there exist some smooth diffeomorphisms 

and some parameters Pj(e),l'j(e) converging to Uj G M and 0 as e —)• 0, such that 

= (1 + + ^i(e)^)(l + Vj{ef)dw‘^ + 2vfi£)dvdw^ , (5.1) 
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where w G (M/^Z) is an angle variable and v is the coordinate obtained by projecting on the 
second factor. Moreover, we ask that is converging in S^-norms for all fc G No to some 
smooth diffeomorphisms ipj : Z^\ ((M/|Z) x {0}) —)■ \ Hj where = Int(n£>oZp and 

= Int(n£>oyp. We hnally assume that the metric converges in C^-norms on compact 
sets of M := N\H for all A: G No to a smooth metric ho dehned on M where H := UjLi Hj. 
Thus, for e > 0, the metric is smooth on N, while for e = 0, ho is a complete metric on M 
of finite volume with cusp ends. 

Notice that near Hj the metric (5.1) can be rewritten under the more standard form 


he = , 

with w' := r(;(l + arccos ( , „ . c ? ) 


(5.2) 


which shows that Hj = {u = 0} is a closed geodesic of length + Uj(e)^) in this 

neighborhood. Since arccos(u/\/u2~+^) = — l/(t^ +£^)dt, we see that for the limiting 

case ■Aj(e) = 0, the change of coordinates above is only well dehned (and smooth) in the region 
{u > 0}. But changing arccos(u/Y^u^ +£j(e)^} to arccos(— + £j(e)^), we get a smooth 
change of coordinates at e = 0 in {u < 0}. We use the model (5.1) instead of (5.2) since it is 
more suitable to our 3-dimensional model of Proposition 4.2 for the rank-1 cusp formation. 

We can compactify smoothly M into M by using it suffices to compactify the charts 
\ ((M/^Z) X {0}) made of two disjoint connected components {v > 0} and {v < 0} by 
attaching a circle at u = 0 on each connected component and dehning the smooth structure 
by saying that v and w are smooth functions. The obtained surface is a smooth surface 
with 2ji boundary components and with interior given by M. It is important to notice that 
the isometry between (5.1) and (5.2) at ij = 0 (ie. e = 0) is not smooth at u = 0 since 
Fo{v) = — 1/u, thus the smooth compactification we take for M using is not the same as 
the one used in the beginning of Section 2.3, which corresponds rather to compactifying by 
using the coordinates (^c^u) putting metric under the form (5.2). 

By the uniformisation theorem, we can find for each e > 0 a unique function G 
such that the conformal metric 

is hyperbolic. Similarly, for e = 0, Proposition 2.3 insures that we can hnd ipo G C°°{M) such 
that is a complete hyperbolic metric of finite volume with cusps on M. In fact, 

if {w',v) are the coordinates above putting the metric under the form (5.2), Proposition 2.3 
shows that ipo{w',v) admits a smooth extension from each connected component of {v 7^ 0} 
to both {v > 0} and {u < 0} (it is smooth from each side but not globally on an open interval 
containing 0) with (/?o|'!;=o = 0 and dm/ipo = 0(|u|°°) near v = 0. Viewing now ipo as a function 
of {w, v), we get p>o{w', v) = ip{w{l -|- v^) — u) in u > 0 and ipo{w', v) = ip{w{l + u^) + ^, u) 
in u < 0, and we easily see that ipo admits a smooth extension to M such that ^o\gM ~ 
dw'^’o vanishes to infinite order at dM = {u = 0}. 
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Proposition 5.1. Under the assumptions above, we have, as s 0, 

||<^£ - </5o||eo 0- 


Proof. Let (/? be a continuous function on N x [0, eo)e whose restriction to e = 0 is given by 
ifo and such that tp is smooth on {N x [0,eo)) \ (H x {0}). Moreover, we ask that 




(5.3) 


near Hj x {0}; for instance this can be achieved by writing ipo = (/jq,! + <^o ,2 with supp((/9o,i) H 
H = %, and supp(<y9o,2) C (where is the collar neighborhood with coordinates v,w as 
above) and then taking ^ + ^2 where ^2 is supported in ^jWj and given in by 

if2iv,w,e) = j x{^)‘Po,2W,w)dv' (5.4) 

where x £ Sq°(M) satisfies / x = 1, x > 0 and x(0) = 1- Using that, near Hj, = 

dwPo = U(|^^|°°)) we obtain the claim. Consider the new family of metrics 

he = e^'^he, eG[0,eo), 

and set := ipe — so that = e'^^^h^ = e^^^h^. Notice that 1^0 = 0 and that 

= —2 where R denotes the scalar curvature. Thus, outside any fixed open set containing 
H, we will have that R-p = —2 + o(l) as e —>■ 0, by the fact that h^ —)• /lo on M in C^-norms 
on compact sets of M. On the other hand, near H, R^^ = —2 by Lemma 4.3, so by the 
formula for the scalar curvature under conformal changes of metrics, we have that 


Rj^^=e ^‘^*^■’^^(-2 + 2Aft,^(^(-,e)) near LT. 


The Laplacian near Hj is given by 
Ah, = -d.o{v^ + ^j{ef)^„ 


{l + nj{ef) 1 2 ^ ^^i(g) 

v^ + lj{ey l + ujiey 


a,a. 


therefore using (5.3), (5.4) and the fact that ipo G we deduce that Rj^ converges 

uniformly to Rj^^ near Lf as e —>• 0 and thus = —2 + o(l) uniformly. In particular, for e 
sufficiently small, Rj^ will be negative. 

Now, again by the formula for the curvature under conformal changes of metrics, we have 
that 

-2 = e-2^a%+2A^,^s)- (5.5) 

Thus, for e > 0 sufficiently small so that R-p is negative, we see that if (pe attains its maximum 
at p, then 

-2 > ^ ^p) ^ = «(!)• 


Similarly, if (p^ attains its minimum at q, then 
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Consequently, 0 uniformly on M as e —)■ 0. Since ipe — and 

ll^(•>e) - ¥^011 J^oo — o(l) as e —)■ 0, the result follows. □ 

Remark 5.2. A recent result of Melrose-Zhu [MeZh] shows that in fact <^9^ admits a polyho- 
mogeneous expansion on the manifold with corners obtained from N x [0, l)^ by blowing up 
H X {0}. 

The following corollary will be useful to deal with the limit of the renormalized volume 
under the formation of a rank-1 cusp. 

Corollary 5.3. Let /g C [—1,1] with size llgl — ?• 0, and let be the uniformisation factor 
for hi; on M so that he^^ = e^^^h^ is hyperbolic. We have in each collar neighborhood Qj of 
H. 


3! 


lim 

S —^0 


dvdw = 0, 


lim / |d¥9g|^^dvol/,^ = / \dipo\l^dvolho. 


(5.6) 


Proof. Since pQ G Q°°{M) with d^Po G C°°(M), we see from the form of the metric h^ in 
(5.1) that with uniform bound with respect to e, and so 


lim 
£—^0 


\dpo\hdvdw = 0. 


On the other hand, we know that 

2Ah,(pe = - Rh,, for e G [0,eo)- 


(5.7) 


(5.8) 


By the previous proposition, we therefore have that || — A/iQ(/?o||eo(M) = o(l)- Moreover, 

the form of the metric (5.1) and the fact that (po G Q°°{M) and d^po £ imply that 

W^hsPo — ^/loV^olleo(M) = o(l). Now we combine these facts and use integration by parts to 
show that 

/ \d{Pe - Po)\h,dvolh, = {peAh,Pe + Po^h,PO-‘2poAh,Pe)dvolh,=o{l). (5.9) 

■JM JM 

The boundary terms at H are 0 by the properties of he and pe- In particular, as e —)■ 0 

/ / \d{pe - Po)\l^dvdw = o{l). (5.10) 

JR/JZ Jle 

The first result in the Corollary then follows by combining (5.7) and (5.10) and using the 
triangle inequality. The second result follow from (5.9) and using the fact that 


lim / \dpo\ldvolh, = / \dpo\l dvolho. 


£—^0 


IM 


IM 


This ends the proof. 


(5.11) 

□ 
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6. The boundary defining function used to define the renormalized volume 


In this Section, we analyze the geodesic boundary defining function corresponding to the hy¬ 
perbolic representative in the conformal infinity when we have a family of convex co-compact 
hyperbolic 3-manifold converging to a geometrically finite hyperbolic 3-manifold with rank-1 
cusps. 


6.1. Geometric assumptions on the family of metrics. We fix a compact manifold with 
boundary X and a family of hyperbolic convex co-compact metrics with e > 0, on the 
interior X of X. 


Definition 6.1. We say that the family is an admissible degeneration of convex co-compact 
hyperbolic metrics on X if g^ are convex co-compact hyperbolic metrics satisfying the following 
properties (below, denotes the open upper half-plane in C and the closed upper half¬ 
plane; we use the topology of C to define bounded sets in H^); 


Assumption 1 (Model near the cusp). There exists a family of ji disjoint simples 
curves Hi, , Hj^ in 5X, and disjoint open neighborhoods C X of Hj, there are diffeo- 
morphisms : W| —>■ Uj where Wj C (R/^Z)^ x are bounded open sets containing 
iZ) X {C G ICI < rj} for some rj > 0, and ioi C = v iu 


5 . = 


du"^ dv‘^ ((1 -|- Uj(e)^)i?^ — 4£j{e)^Vj{e)^m)dw 




+ 


2vj{e){E? — 2v?)dwdv -|- ‘ivj{e)uvdudw 


( 6 . 1 ) 




for some lj{e) —)• 0 and ^'j(e) — >■ G M as e —>■ 0, with R := -\- £j{eY. 

Assumption 2 (Convergence outside the cusp). There exists a hyperbolic metric 
go on X such that for any fixed boundary defining function p G C“(X), p^g^ —>■ p^go in all 
gfc-norms on compact sets of X \ yjjHj as e —)■ 0. If := Int(ne>oWp C (M/ ^Z)^ x and 
Uj := Int(ne>o'U,p C X, then converge to a smooth diffeomorphism : Wj \ {R/\Z) x 
{0} —)■ Uj \ Hj in all S^-norms. 


Under these assumptions, the metric go has rank-1 cusps. This follows from the convergence 
of ^j,Uj, Wj and the fact that (6.1) has a limiting metric as e —?■ 0 which is isometric to 
a neighborhood (2.2) of a rank-1 cusp. The degenerating curve H C dX is the submanifold 
given by H := LiU^^Hj. 

Proposition 6.2. Let D C PSL 2 (C) be an admissible family of classical Schottky groups of 
genus g in the sense of Definition 3.1. Then for each e > 0, X^ := r^\B[^ is isometric to 
(X,gs) where X is the interior of a solid torus of genus g and ge is an admissible degeneration 
of convex co-compact hyperbolic metrics on X in the sense of Definition 6.1. 


Proof. We can write the hyperbolic manifold as X^ = T^\F^ where are good fundamental 
domains constructed in Lemma 3.3. The metric on X^ is the hyperbolic metric g^s on F^, 
which descends smoothly to the quotient by L^. In fact, we can also consider the closure X^ 
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obtained from the action of on the closure of in U where C is the set of 
discontinuity of F'". These can be put together into a smooth fibration 

n : X ^ [0,1] (6.2) 

such that F[~^(e) = has interior equipped with the complete hyperbolic metric induced 
from g^3. For e > 0, is naturally the interior of a solid torus X^ of genus g, while 
when e = 0, there are cusps of rank 1 . So as we have seen in Section 2 , the conformal 
compactification is no longer a solid torus, it is a solid torus with a circle removed for each 
rank-1 cusp. In fact, by Lemma 4.1 and Proposition 4.2, for each cusp point pj, we have an 
isometry := (4>^o0p“^ from a neighborhood of () = 0 in (M/to a neighborhood of 
Pj in where 0^ = © 1 ,( 7 ?) is given by (4.8) and is given by Proposition 4.2 with 

L( 7 |) = Uj(e), Xj(s)) smooth in e G [0,1] (in Section 4 we take the fixed points = 0 

and = Aj(e)p(e) but we can always reduce to this case by composing with a smooth family 
of translations are rotations). Moreover, these combine to give a smooth diffeomorphism 
Tj : Wj —)■ Uj from a neighborhood Wj of {(" = 0 , e = 0 } in (M/ jZ)^, x [ 0 , l]e\{C = e = 0 } 
into a neighborhood Uj C X of the cusp point pj in 11“^ (0) C X. This follows from the last 
statement of Proposition 4.2. 

The diffeomorphisms 'Fj give us a natural way to compactify uniformly down to e = 0 by 
simply replacing Wj by its closure Wj in (M/^Z)^ x x [0,1]^. Indeed, we can consider a 
compactification 

IT : X ^ [0,1] (6.3) 

of (6.2) such that FI ^(e) = X^ for e > 0 and 'Fj : Wj —)> Uj, which restrict to Tj on Wj, 
is a diffeomorphism from Wj to a neighborhood Uj of the circle Hj C Ft ^(0) corresponding 
to the cusp point pj. Here, X is now a compact manifold with corners and H is a surjective 
submersion. Moreover, the fibres of H are manifolds with boundary, more precisely solid tori 
of genus g. Choosing a horizontal connection for (6.3), we can then use parallel transport to 
obtain a commutative diagram 

X X X [0,1] (6.4) 

PI'2 
[0,1] 

where pr 2 : X x [0, 1] —>■ [0, 1] is the projection on the second factor, X is a fixed manifold 
with boundary and G is a diffeomorphism of manifolds with corners. In the statement of 
Proposition 6.2, it suffices then to take X to be the interior of X with family of metrics 
ge = G^ge on the slices pr^^(e) where g^ is the induced family of hyperbolic metrics on the 
fibres of H ; X —[0,1]. The family of diffeomorphisms associated to each cusp point pj in 
Definition 6.1 can then be taken to be G o 4'j(-, e) for e > 0. □ 

6.2. The Hamilton-Jacobi equation outside the cusps. We consider an admissible de¬ 
generating family of convex co-compact metrics g^ on X = Int(X) in the sense of Definition 6.1 




RENORMALIZED VOLUME OF PUNCTURED SURFACES 


29 


and we keep the notations of Section 6.1. The manifold {X,go) is geometrically finite hyper¬ 
bolic with cusps of rank-1 and X = X.\H where H is the degenerating curve in the boundary 
of X. Recall that X is a compact subset of dX where Assumption 2 is satisfied in Dehnition 
6.1. Let be the uniformizing metric on the conformal boundary M = 9X \ H = dX, 
given by Proposition 2.3; it is a complete hyperbolic metric with finite volume. We define po 
to be the geodesic boundary defining function of M in X near dX to be the solution of the 
Hamilton-Jacobi equation 

= 1 ) {Po9o)\tm = 

90 

The equation is non-characteristic at M n X and has a unique solution near M n X, just as 
in the convex co-compact case (see the discussion of Section 2.2). We first want to define a 
geodesic boundary defining function for by the equation 

2 

= 1, UJe\p=0 = 0 (6.5) 

9s 

where notice that wq = 0. We first show 

Lemma 6.3. There exists (5 > 0 such that for all e > 0, the Hamilton-Jacobi equation (6.5) 
has a solution Coe m X n {po < <5} Coe converges to 0 in Q^-norms there for all k. 


dpe 

Pe 


dpo 

Po 


Proof. The equation can be written as 


2{duJe, dpo)g, + poldwel?^ 


1 - \dpl\g, 

Po 


with boundary condition Cje\pQ=Q = 0, 


where g^ '■= p^ge converges in {%] S'^T*X) to p^po as e —)• 0. This is a uniform family 
(with respect to e) of non-characteristic Hamiton-Jacobi equations, which converge in C°°(X) 
to a non-characteristic Hamiton-Jacobi equation as e —0. This is solved by the method of 
characteristics and thus it admits a solution in a uniform neighborhood of po = 0, converging 
smoothly to cDo = 0 as e —)■ 0. □ 


Notice that pe is not exactly the geodesic boundary function that we would need to compute 
the renormalized volume but we will see later that the renormalized volume there can be 
expressed easily in terms of this boundary defining function. The function we are interested 
in is 

Pe = e^^Pe ( 6 . 6 ) 


where is the solution of 

dpe ^ 

~ 1) ^^£|po=0 ~ Te 

9e 

and Pe is the uniformization factor such that := is hyperbolic if he := (PoPe)lpo=o; 

The Hamilton-Jacobi equation (6.6) has a unique solution in X near M and in particular one 
has woljcnM = <Po = 0. 
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U 


i L 



Figure 4. The manifold with corners Ui 


6.3. The Hamilton-Jacobi equation near the cusps. In the model from Proposition 4.2, 
which is a neighborhood of {C = 0} in (M/^Z)^ x it will be useful to forget the e 

parameter and consider now {(.{e), u(e)) as independent parameters (£, v) and we shall study 
the geodesic boundary defining function as functions of (£, v) where u G M is a bounded 
parameter and H. G [0,.^o] for some fixed small £o > 0. We view as a parameter moving in 
a compact set, and the metric has a uniform behavior in terms of v in this set, and for this 
reason we shall not emphasize the dependence in v in the notations. The metric of (4.9) 
will be rewritten as 

du^ + + ((1 + + 2v{R^ — 2v?)dwdv + Auuvdudw tr. 

91 = - 3 - 

with R = \/v? + + (?. 

We thus consider for the moment just a neighborhood of cusps, that is we set 

U := {(w, u, v) G (M/ jZ) X [0,1) x M; < 1}. 

and U its interior. Consider the submanifold H := {tt = u = ^ = 0} C X x [0, ^o) which 

corresponds to the cusp, and let be the blow-up of U x [0,£o) at H, defined to be 

If^ = (U X [0,4) \H)USH 

where SH C T{X x [0,4 ))|il is the normal inward pointing spherical bundle of H. There is 
a blow-down map /3 : —>• U x [0,4); which is the identity outside SH and the projection 

SH —7- dd on the base when restricted to SH. The set U has a natural structure of smooth 
manifold with corners of codimension 2 in a way that the functions u, v, i, R lift by /3 to 
smooth functions on we will use the same notations for these functions and for their lifts 
to Ui- There are three boundary hypersurfaces in VLi: the face denoted whose interior 
is diffeomorphic to {£ = 0, u 7^ 0} C U x [0,4)) the face denoted whose interior is 

diffeomorphic to {u = 0, £ 7^ 0} C It x [0,^o)) and the front face S'n = SH given by the 

equation R = 0. See Figure 4. We notice that is naturally diffeomorphic to a neighborhood 
of cf in the manifold Xc defined in Section 2.3, with cf identified with Tr n T^, thus studying 
what happens on is equivalent to consider a neighborhood of the cusp in Xc- 
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Consider the following smooth variables on lif 

u 

{U = —,v,w,t). (6.8) 

They provide coordinates outside In fact, when restricted to {U,v,w) provides smooth 
coordinates on 3“^ near the corner H 3'u, with U being a smooth defining function for 
and V being a smooth defining function for Tr. We will also sometime use the smooth variable 



1 - 1/2 


i?2 


on U^. Then we have 


du 

u 


dU 


+ 


Vdv 


17(1-C/2) i?(l-C/2)‘ 

Hence, we see that the dual vector fields udu and dv to du/u and dv become in the coordinates 
{U,v,w) 


udu C/(l - U'^)du, dy- 


R 


(6.9) 


In terms of the variables U,v,w, the metrics gi is given by 
dU^ 2vdUdv 


9e = 


+ 


v^dv^ (1 — U‘^)dv‘^ 

+ / O . /lo T? + + ■ 


Aw 


C/2(l-C/2)2 + (i;2+£2)2 f/2(^2+£2) [/(I - [/2) 




C/2(l - C/2) 


-Afv‘^'^dw‘^ + 2v(^ 


2v^ 


n2 + ^2 


+ 


(1 - 2C/2) 
IP 


dwdv. 


dUdw 


( 6 . 10 ) 


In particular, looking at the conformal family of metrics = U'^gi, we see that when pulling- 
back to {U = 0} = 3'u this metric, one has 


he := 


\u=o 


dv^ 

2 +C2 


-C (1 + U^)(t'^ + f)dw^ + 2udvdw, 


( 6 . 11 ) 


which corresponds to the model (5.1) for the formation of a cusp obtained by pinching a closed 
geodesic. In general, as described in the previous section, the global hyperbolic representative 
of this conformal infinity will be slightly different, of the form 


hfP = e^^^he 


( 6 . 12 ) 


for some family of smooth functions (fe, which is obtained by uniformisation and has the 
properties of Proposition 2.3 for the case i = 0. By Proposition 5.1 (with i playing the role 
of £ here), the uniformising factor (pe will tend to (^o as C —?■ 0 on the interior of 3'u. Since 
we want to work in a more general setting than the uniformized metric, we now just hx an 
arbitrary family of smooth functions pe so that pe —?• on 3'u as C —)• 0 with the requirement 
that ipo satisfies the properties of Proposition 2.3, ie. it extends smoothly to the closnre of 
3'u in Ie and dwipQ vanishes to infinite order at 3'ij = {v = U = 0} in 3'^ n 3'u. 

To define the renormalized volume associated to such a choice of representative in the 
conformal class at the boundary, we need to construct a boundary defining function pe of the 
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face S'u = = 0} such that 

H = 
dpt 


(1) p( = for some function uji satisfying = (pi 

2 


(2) 


Pi 


= 1 . 


(6.13) 


ge 


We solve this first order differential equation near the face S'r. This is an equation of 
Hamilton-Jacobi type which we write explicitly in terms of the coordinates U, v, w. First, 
in the coordinates u, v, w and in matrix form, the family of dual metrics on the cotangent 
space is given by 


-1 _ IF 

9e ^4 




2v‘^uv{R? — 2v?) 


—2i'uv 


2v‘^uv{R? — 2u^) {R^ — 2v?‘)‘^ —u{R^ — 2v?‘) 

—2h'uv —u{R? — 2v?) 1 


(6.14) 


Since ^ ^ equation = 1 becomes 


~uW 

(1 - f/2) 


B? 

2\2 


|2 , ij. . |2 , I . ,2 , on TT2-,'du 


^ +2(1-17 ){ — ,diOe)g^ 

2v{l-U'^) du 2i; 

-^2- —)gi - -^\dv,dut)g^ = 1. 


(6.15) 


Now, we compute (recall that V = v/R) 


(1 - C/2)2 , , ,, V 


2v{l - [/2) 


\Ml, + ^\dv\l, - ' {dv, ^)g, = 


du, 

u 


''g^ 7 ? 4 ' ' 9 t Jl 2 

(1 - C/2)2 + - U‘^f + 1 + 1^2(1 - 2U'^f - 4^2(1 - C/2)(l - 2[/2)^, 


(6.16) 


and 


(6.17) 


{ — ,dujt)g, =(1 + 4:i^^U^V^){uduUi) + 2i 2^U^{1 - 2U^)VRdyUJt - 2i2U^^dy,uji, 

u R 

{dv, duji)g, = - 2v‘^U‘^{l - 2U‘^)VR{uduUJt) + U^{1 + 12^(1 - 2U‘^f)R^dyOJt 

- C/2j/(l - 2U^)d^iOt, 

and from (6.14), \diOi\‘^^ is of the form 

1/2 / 1 \ 

- i^^u^l) + '~^^\dw^l\ + ul7 PoyU ,17 ^ udyLOtj RdyOJtj '^dyyUJtJ 

for some polynomial Po{x, y; X, Y, Z), which is quadratic in {X, Y, Z) with coefficients which 
are polynomial functions in (x, y), independent of i and depending smoothly on u. Gathering 
these computations with (6.15), we obtain that \dpt/pt\gi = 1 is equivalent to 

2(1 - [/2 + 2i2^V^U\3 - 4U‘^))iuduU}i) + U^VQi{U^){RdyUi) + i2U^VQ2iU'^)i^dy,coi) 

K 

+{uduU}e)^ + ^IdyyUil'^ + vU'^PoiU'^,V;uduu;i, RdyUi, = U^Qz{U'^,V) 
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where Qi are polynomials, and thus using (6.9) and dividing by U we get an equation of the 
form 

2((1 - [/2)2 + V^U^Qo{U^))duuJe + UQi{U^)vd,uji + U{1 - U^f{duoJtf + 

+uUVQ2{U‘^){^d^u:^) + uUPi {U\ V, R- Uducot, Rd^Ui, = UQsiU^ V) 

(6.18) 

for some polynomials Qi, and Pi having the same properties as Pq, and Q 2 - This equation is 
of the form F{Duj£, ui, z) = 0, where x = {U, v, w), Duj£ = [dijui, d^coi, d^uJe) aiid 

F{p,z,x) = F{pu,Pv,Pw,z,U,v,w) 


= 2 [(1 - p2)2 + y2^2Q^(^jj2^^ ^ UvQiiU^)p, + l^^Q2{U^)Pu, 

+ P(1 - U^pI + ^ + pC/Pl(P^ 1^; Upu, Rp., ^) - UQsiU^ V). 


(6.19) 


In this definition, notice that the dependence in z and w is in fact trivial. Now, since 
dpuF\u=Q = 2/0, the equation with initial condition uj£\i/=o = ipi is noncharacteristic. 
It can therefore be resolved using the method of characteristics for U small outside P = 0. 
In general, the equations for the characteristics are given by (denoting {xi,X 2 ,X 3 ) = {U,v,w) 
and {pi,P2,P3) = {pu,Pv,Pw)) 

Pi{s) = - d^^F{p{s), z{s),x{s)) - dzF{p{s), z{s), x{s)), 


Ks) = X] *9piP(p(s), z{s),x{s))pi{s), 
i 

Xi(s) =dp,F(p(s),z(s),x(s)). 


( 6 . 20 ) 


where a dot is used to denote a derivative with respect to the parameter s. We notice that, 
when u = 0, these equations have smooth coefficients except for all terms containing p^jR. 
Thus they are smooth outside the face = {R = 0}, in particular they restrict on the face 
3'i \ {R / 0} corresponding to the rank-1 cusp limiting case. We will need to solve these 
equations with the following initial conditions on the face Hu = {U = 0} (we restrict for the 
moment to the region U = 0, P / 0) 

C/(0) = 0, u(0)=uo, u;(0) = 'u;o, z{0) = (p£{vo,wo), 

((\ Oil 

Pu(0) = duP(.{vo,wo), p^(0) = du,pi{vo,WQ), pu{0) = 0, 

where the last condition follows from the fact P(p(0), z(0), x(0)) = 0. The behavior of the 
solution for U small near the face P = 0 can possibly be singular because of the singularity 
of the coefficients containing some R~^ in F there. The solution uj£ will be given by 


Duj£{U{s),v{s),w{s)) = {pu{s),pu{s),pu,{s)), io{U{s),v{s),w{s)) = z{s) 


( 6 . 22 ) 


with initial condition t<;£(0, vq,wq) = pi{vq, wq). We analyze the solution near Hr when i = 0 
{Hr n He corresponds to {u = u = 0} inside He). 


Proposition 6.4. For each ipQ G G°°(He H Hu) with vanishing to infinite order at Hr, 

there exists a unique smooth function wq on He defined in a neighborhood of Hu H in He 
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such that dwOJQ vanishes to infinite order at and po = e^°U is a boundary defining function 
of 3~£ n 3'u with the property that 


(Poffo)lgr^ = e^^°ho, 


dpo 

Po 


= 1 . 


go 


Proof. We need to investigate if the equation (6.20) can be solved in a uniform way as the 
initial condition vq in (6.21) approaches zero. We first change coordinates and use the coordi¬ 
nates {u', v', w') of (4.14) in which the metric qq has the simpler form (4.13). In fact, since the 
metric in the new coordinates has the same form as in the original coordinates (u, v, w) but 
with n replaced by 0, we are reduced to solve a Hamilton-Jacobi equation which has the same 
form as (6.18) but with u = 0, and in the coordinates {U',v',w') where U' := v! P 
Our first goal is to prove that uq viewed in the {U',v',w') coordinates is smooth near [/' = 0, 
and then to come back to the original coordinates using (4.14) to deduce the desired result. 

We are reduced to analyze the solution of (6.18) when u = 0, which we now do (for 
convenience of notations we keep the expression of this equation with the variable {U,v,w) 
for the moment, having in mind that they really mean [U\v',w')). We also allow w and wq to 
be in M instead of which is the same as viewing the equation in the universal covering, 

since we need to work in the domain (4.15) where the coordinates {U',v',w') are valid. We 
notice that since we assume u = 0, each of the singular terms in the equations (6.20) comes 
now with a pw factor. From the initial conditions and the independence of F with respect to 
w, we have that Pw{s) = dwPo{vo,wo) for all s. On the other hand, by hypothesis, we know 
that dii,po{vo,wo) = O(|uo|°°) when vq —)• 0. To solve the ODE (6.20) uniformly as vq —)■ 0, 
we now check that for vo 0, u(s) cannot approach zero rapidly. 


Lemma 6.5. There exists a positive constant K depending on pQ but not on vq and wq, as 
well as C > 0 such that 

|u(s)| > |uo|e“^^ and U{s) > s for s < K. 


Proof. We will consider the case uq > 0, since the case uq < 0 can be dealt with in a similar 
fashion. First we use that for £ = 0, we have that 

R= , ^ E = \/l - C/2. 

Vl^ 

Set y = logu, then from (6.19) and (6.20), we can write, as long as U < 1, 

y = UQfiU^) + U {Ai{U^)ey + A2 {U^)pu + AfiU^)eypv + AfiU^)e-yp^) 

for some polynomials Ai in the variable [/^. Consider the vector = {pu{s),pj}{s) — 
Pv{0),U{s),y{s) — y(0)), where y(0) = logUQ. Since is in fact independent of s, we see 
from (6.19) and (6.20) that there exists a positive constant Ki depending on pQ such that 

^\^{s)\<K£ 

ds 

whenever |^(s)| < ■^. This means that 

|^(s)| 
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for s < ^. In particular, there exists (7 > 0 such that 

|y(s) - y(0)| < Kis ^ v{s)>voe~^^ 

for s < ^. This gives the first half of the result for some big constant K. Now, for |^(s)| 

sufficiently small, notice that 17 > 1. Integrating, we get that U{s) > s for s sufficiently small. 
Taking the constant K smaller if necessary gives the result. □ 


We have Pwis) = Pw{0) = du,ipo{vo,wo) which decreases rapidly when vq tends to zero, and 
V = v/R is close to 1 when U is small, thus using Lemma 6.5, there is C > 0 such that for 
s < 1/iL, we have U{s) > s and 


Pw{s) 

<r 9 

d^^ipo{vo,wo) 


^^,^po{vo,wo) 

R{s)^ 


u(s)2 




od^oD- 


Using this rapid vanishing as vq —>• 0, by looking at (6.20) and (6.19), we deduce that the 
{U{s),v{s),w{s)) extend smoothly as the initial condition Xi{0),pi{0) tend to {v = 0}, on a 
uniform time s G [0, sq] with sq > 0. In fact, with the initial condition uq = 0, we have by 
(6.19) that v{s) = Pwis) = 0 for all s and the ODE simply becomes in the region 17 < 1 (using 
that V = Vl — in that case) 


pu = Li{U,pu), pv = L2{U,py,pu), z = L3{U,Pu), U = L4{U,Pu), w = 0 (6.23) 


for some polynomials Lj with L4{0,pu) = 2. In particular, we see that the curves U{s),v{s) 
are tangent to the face v = 0 (as long as 17 < 1) and they are transverse to U = 0] moreover 
U{s) = 2s + O(s^) near [7 = 0. We thus obtain that ip : {s,vo,wo) —>■ {U{s),v{s),w{s)) is a 
smooth local diffeomorphism on [0, e) x [0, e) x M for small e > 0 and there is e > 0 such that 
for each point tco G M it is a diffeomorphism from [0, e) x [0, e) x (wo — e,wo + e) on its image. 
Moreover, it is easily seen that vq, wq + ^) = {U{s),v{s),w{s) + |). The same hold in the 
region uq < 0 and this implies that ujq given by (6.22) for [ = 0 extends as a smooth function of 
([7, V, w) near each (0, 0, wq) on {[7 > 0, u > 0} and on {[7 > 0, u < 0}, in some neighborhood 
which has uniform size with respect to wq. We also have that dw'^o{'p{s,vo,WQ)) = Pw{s) = 
dw^o{vo-,wo) = 0(|uo|“)) thus d^oJo = 0(|u|“) uniformly where it is defined. 

We have thus proved that in the {U',v',w') coordinates, uiq lifted to the universal cover is 
smooth in [0, e) x [0, e) x M, and d^/uiQ = 0(|u'|°°) . To conclude the proof, we need to come 
back to the original coordinates {U,v,w) by using (4.14): 

, [7\/l + v{l + v‘^) , 1 / 1 - [7^ 

O = , , V = -vrWTi W = W -FT-• 

VT+T^[72 1 + u 2[72’ l + j/2 y 

First it is clear that uJo{U',v',w') is smooth when viewed as a function of {U,v,w) except 
possibly at u = 0 where tc' is a singular function of v. Similarly to the discussion of Section 
5 (which corresponds to an analysis in the boundary [7 = 0), the fact that dw'UjQ = 0(|u'|°°) 
actually implies that ujq is smooth in the variable ([7, v, w) since Dujq admits a smooth exten¬ 
sion to u = 0. This achieves the proof of the proposition, as ([7, v, w) are smooth coordinates 
near T/j H on the face T^, and U' is a smooth function of U. □ 

















36 


COLIN GUILLARMOU, SERGIU MOROIANU, AND FREDERIC ROCHON 


Corollary 6.6. Let pq be the funetion of Proposition 6.4- There exists a diffeomorphism 
4> ■. [0, e)s X 0 —)• Q C with Q a neighborhood of Tu H Tr in 3'^ and 0 a neighborhood of 
Tu n Tr in Tu n Te such that 4>*po = s and 

ds^ + ho^As ■ •) 

9 9o — -2- 

with Ax is a one-parameter smooth family of smooth endomorphisms of TO up to Tr, for 
s £ [0, e), so that hs{-, •) := ho{As is a smooth family of cusp symmetric tensors. 

Proof. The diffeomorphism is given by 4>{s, vo,wo) = (j)sivo,wo) where cfs is the flow at time 
s of the gradient V^odop^ gf with respect to p^go. First, we notice that this flow is exactly 
the diffeomorphism (f{s,VQ,wo) = x{s/2) where x(s) is the integral curve studied in the proof 
of the previous proposition (satisfying (6.20) with initial condition x(0) = (OjUGirro)- Since 
{4>*U) /s is a smooth function on [0, e) x 0 for some small neighborhood 0 of {0} x {0}x(M/iZ) 
in ([/, V, w) G [0, e) x [0, e) x (M/^Z), the metric s‘^(l>*go is given by a positive smooth function 
times (j)*{U‘^go) with given in (6.10) (for i = 0). To prove the statement, it suffices to check 
that for vector fields Zi := vody^ and Z 2 := VQ^dy,Q, we have that (j)*{U‘^go){Zi, Zj) is smooth 
near s = uq = 0 for i,j G {1,2}. Since (I){s,Q,wq) C (u = 0} by the analysis of the proof in 
the previous proposition, writing (/)(s, uq, wq) = {U, v, w) we get u = uo(l + vof{s, vq, wq)) and 
tc = tco + vok{s, Vq, Wq) for some smooth functions /, k, and thus 

4>*{vody^) = vWi, + IT2 

for some smooth vector field lTi,lT2 near v = U = 0. By inspecting (6.10) for ^ = 0, 
(j)*{U‘^gQ){Zi,Zj) is smooth near s = u = 0. The same argument works in the region u < 0 
covering the other neighborhood of Tr H in S'r- Cl 

6.4. Proof of Proposition 2.4. We decompose the hyperbolic 3-manifold with rank-1 cusps 
{X, g) as in Section 2.1 into a region % d X and some cusp neighborhoods 11} for j = 1,..., ji. 
Recall that X can be compactified into X^. Then we fix a boundary defining function p in a 
neighborhood of M = dX^ which is equal to p = in the coordinates of the model 

(2.2) of Uj. The hyperbolic metric g there, as given by the model (2.2), corresponds to the 
case £ = 0, u = 0 in the expression (6.7) and U = u/R\s the chosen defining function of 
dX in these coordinates. Let be the unique hyperbolic metric on M in the conformal 
class of h := (p^p)|rM- Let if G Cf°{M) and h = By Proposition 2.3, we have 

g2p^hyp _ g2(p+(/3)^ gQjy^g p g C“(M). Since we still have that ip+ip G S“(M), Proposition 
6.4 shows that there exists a smooth defining function p of M on a neighborhood of cf HM 
in Xc (as explained above, M corresponds to and cf to Tr in the model Ti of Xc near 
the cusps), such that \dp/p\g = 1 with p^g\TM = it is unique where it is defined. On 

the other hand, outside If}, this equation is also a smooth non-characteristic Hamilton-Jacobi 
type equation, thus the solution p defined near M n cf can be extended uniquely as a solution 
also in a whole neighborhood of M in Xc, giving the desired function p. Considering the maps 
4> : [0, e)a; —>■ M —)> Xc given by 4>{x, y) = (fx{y) where (fs the flow at time s of the gradient 
VP Pp of p with respect to p^g, we see by using Corollary 6.6 (recall that (f is the gradient 
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flow in the proof of that Corollary) that on (0, e)x x M 


9 = 


dx^ + fix 




for some 1-parameter family hx of smooth metrics on M depending smoothly on x G [0,e), 
and hx are actually a smooth family of cusp symmetric tensors. Since g is hyperbolic, we 
know (as it is a local computation) from [FeGr, Theorem 7.4] that the dependence of hx is a 
polynomial of order 2 in 

hx = h((Id -|- x'^A)-, •) 


with Tr(^) = — ^Scal^ and df^{A) = ^dScal^. It remains to check that the complement 
of the region (()([0,e) x M), called V, has finite volume with respect to g in X. Clearly, 
JC n {X \ {p < e}) is compact in X thus has finite volume. Now we analyze the region 
< e}. To show that it has finite volume, it suffices to use that p is a defining function 
of in the blown-up space of Uj around the region H = {{u,v) = 0} representing the 

cusp, and so {p > e} is contained in some region {U > ce} for some c > 0. Now the volume 
form of the metric g in coordinates {u, v, w) is ^ dudvdw and a simple computation shows 
that 



-Cu '^Vu^ + v‘^ 


+ v‘ 


■dvdu < oo 


(6.24) 


for all z G C and thus by taking z = 0 we see that the region has finite volume for any finite 
constant C > 0. It remains to show that if p is extended smoothly to Xc as a boundary 
defining function of M (positive in Xc \ M) then H{z) = p^dvolg is meromorphic in 
{Reiz) > — e} for some e > 0. We can split the integral as an integral near dX n X and the 
meromorphy of this part follows directly from the fact that /> is a smooth boundary defining 
function there, and there remains the integral in each Uj. The part of the integral in V clearly 
gives holomorphy in z by (6.24). For the integral in li‘j \ V, we notice that the volume form in 
the coordinates {U, R, w) near Xu = {U = 0} in the model Xi (isometric to Uj with u = 0) of 
Section 6.3 is given by dUdRdw/{U^ 1 — U"^) and thus from the fact that p/U is a smooth 
positive function in these coordinates near t/ = 0, the meromorphy of the remaining part of 
the integral H{z) follows by Taylor expanding p/U at U = 0. □ 


6.5. Taylor expansion of the boundary defining function to second order. For £ > 0 

fixed, it is also straightforward to solve the equations (6.15) near the degenerating curve and 
find oji and p. The function will be smooth in s, so smooth in U. In particular, at U = 0, 
it has an expansion of the form 

OO 

LOl ~ E ajU^. (6.25) 

1=0 

To compute the limit as ^ 0 of the renormalized volume, we will need to know the terms 

of order 0 and 2. By assumption, we have that ao = We now compute ai and 02 . 
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Proposition 6.7. Near v = 0, the coefficients ai and 02 in the expansion (6.25) are given 
by ai = 0 and 

1 / / £2 \ 2i/V \ 

02 = -- \\d^i\l^ + (1 + (1 - ^^2^ j - 2 + 2(^2 - j • 

Proof. We see directly from (6.18) that ai = 0. Then notice that by (6.14), the metric dual 
to g£ = U'^gi is smooth near 3"^ \ (T^ n S'r) and as i7 —)■ 0 

~ + 0{U^) 

=U^\d^e\l + 0{U^) 

where h^ is given by (6.11). Combining this with (6.15), (6.16) and (6.17), we have 
2 

“2 H —2 n2^^ “^^2 + 2(u^ — l)vdyipi — 2v dwPi + Idcpdf^ = 0 

yZ £Z yZ _£ £Z e. 

which achieves the proof. □ 


7. Variation formulas for the renormalized volume and Kahler potential 

FOR WeIL-PeTERSSON METRIC 


In this section we describe the properties of the renormalized volume as a function on the 
conformal class of the conformal boundary: we first compute the variation of the renormalized 
volume for families of hyperbolic metrics with rank 1-cusps, and we show that Vol/^ is a Kahler 
potential for Weil-Petersson metric in a Bers slice of the Quasi-Fuchsian deformation space. 


7.1. Variation formula. Arguing as in [GMS, Prop. 3.11], we have the following varia¬ 
tion formula for the renormalized volume under a change of conformal representative in the 
conformal boundary. 


Proposition 7.1. Let X be a geometrically finite hyperbolic 3-manifold. Let hfi^^ be the 
unique hyperbolic representative in the conformal boundary of g and let h := with 

if G C“(M). If p and p are geodesic boundary defining functions associated to h^^^ and h 
given by Proposition 2.4, we have 

XolffiX, h) = Vo1r(V, -] [ (jVV’l^h.p - 2iA)dvolhh.p. 

4 Jm 

For any x G Qf{X) satisfying x = Tl=oXkP^ + O(p^) at dX, with Xk G e“(M) 

:0 / p'^xdvolg 

(7.1) 

. / (xodViAl^hyp - 2fi) - 4x2i/')dvolhhyp. 

4 Jm 


FP.=o / P^xdyolg =FP, 


lx 


1 


Proof. First, by Proposition 2.4, associated to both (resp. to h), there are product 
coordinates [0, e)x x M near M in the compactification Xc of X in which g is of the form 

dx‘^ + ho + x‘^h 2 + x^/14 
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with ho = (resp. Hq = h) , ^ 2,^4 some smooth cusp symmetric tensors such that 

Tr/i(,(/i 2 ) = — gScal/ip and dho{h 2 ) = ^dScal/ip. The complement of the regions covered by 
these coordinates have finite volume, thus the part of the integrals above over the region 
X > el‘1 are trivial to deal with. On the other hand, by the proof of Proposition 2.4, we 
can also solve the Hamilton-Jacobi equation \^ -\- duj\^g = 1 near M with initial condition 
oj \ j ^ = ip . From the symmetries of this equation, we see that uj has to have an even expansion 
in X at M, oj ~ in [QMS, Lemma 3.6], putting this expansion back in the 

Hamilton-Jacobi equation, we compute that (the computation is local) 

W 2 =-^iVwolIg, with Wo = V'- 

On the other hand, the volume form of g is given by dvol^ = u(x)dvol/iQ^ with v{x) = 
Vo + x^V 2 + O(x^) for Vo = 1 and V 2 = — jScal/iQ- Hence, we compute just as in the proof of 
[GMS, Lemma 3.5] that 


Volij(X, h) = Volji(X) + / (vocv 2 + U 2 W 0 ) dvol^jhyp 


/M 


= Volij(X) - ^ / (iVwol^hyp - 2wo)dvolhhyp. 

4 Jm 


(7.2) 


For (7.1), the calculation is similar but one has to replace v{x) by v{x)xix) in the reasoning, 
thus votV 2 and V 2 UJ 0 become voXo ^2 and (^ 2 X 0 + ^'oX 2 )<vo- D 


First we say that (X, 5 *) for t G (—toj ^o) is a smooth family of geometrically finite hyperbolic 
manifolds if g( := is a geometrically finite metric on X with jJ cusps of rank-1, represented 
by some disjoint curves H = in the boundary dX of the compactihcation X as in 

Section 2.1, is hyperbolic for all t and there is a neighborhood Uj of Hj in X such that 
p^g^ extends to a smooth metric on X \ UjUj if p is a boundary defining function of dX, and 
there exists a smooth family of diffeomorphisms ipj : Uj —>■ 'ijj^{Uj) C x (M/ ^1j)w such that 
for C = 'W + 

, du^ + dv'^ + (u^ + v‘^)dw‘^ 

= - ^2 -^—• 

For such a family of metrics, it is easy by extending (V'j)”^ o i/jj to X to construct a diffeo- 
morphism 0* of X such that p^{6^)*g^ extend smoothly as a metric on X = X \ 77 and near 
Hj 

»‘‘ue‘rs‘ = 

We can thus reduce the analysis to the family of metrics {9^)*g^ with a cusp singularity at H, 
which we do now and to avoid heavy notation we write p* instead of {8^)*g^. Denote by /i* the 
hyperbolic metric in the conformal boundary of (X, p*), it is a smooth family in t of hyperbolic 
metric with finite volume and cusps. Proceeding as in the proof of Proposition 6.4 and using 
/i* as the representative of the conformal infinity of p*, we can then solve the Hamilton-Jacobi 
equation 

= 1 , iP^fs^\TM = ^^ 

9 * 
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smoothly in t to get a smooth family of boundary defining functions of M in X. As we 
have seen in the proof of Proposition 2.4, the gradient vector field V®*/?*, where 
will be defined and smooth in a neighborhood of M in Xc and will be tangent to the cusp face 
cf. Integrating this vector field for each t then gives a smooth family of collar neighborhood 
(j)^ : M X [0, e)x X such that 


i^prg' = 


dx'^ + hk + x'^hi + x‘^h\ 


(7.3) 


with h^- some smooth families (in t) of cusps symmetric tensors such that /iq = /i*. 


Theorem 5. Let {X,g^) be a smooth family of geometrically finite hyperbolic metrics. Let 
hf be the unique hyperbolic representative of the conformal infinity of g^ and h\ the second 
fundamental form atdX given by (7.3). //Vol^(A) denotes the renomalized volume of{X,g^), 
then 

5tVo4(A)| = -T / {ho,h2 - ho)hodvolho, 

4 Jm 

where /12 = ^2|t=o’ ^0 ~ h^\t=o o.nd the dot denotes a derivative in the t variable evaluated at 
t = 0. 


Proof. The proof is very similar to the proof of [GMS, Theorem 5.3] and is based on Schlafli 
formula, but here one has to be careful about the degeneracy near the cusps to perform the 
argument. Like in [GMS, Theorem 5.3], we can pull-back g^ (using an extension of 
by a family of diffeomorphisms of Xc which is the Identity outside a neighborhood of M so 
that the new metric, is isometric to the right hand side of (7.3) near M via the diffeomorphism 
(f) ■= (fp that is independent of t. For 6 £ (0, (5o), consider the region Vs := (p{M x [0, J)) C X. 
Then, as in the proof of Proposition 2.4, X \ I 4 is of finite volume with respect to g^, and we 
claim that 

dtXofiX \ Vs, <7*)|,=o = ^ + 1 ( 9 , n),) dvol^, (7.4) 

where is the mean curvature of (j){M x {J}) with respect to the metric g^, H* is its second 
fundamental form and g := g^\t=o. The proof of (7.4) is then the same as the one of [GMS, 
Lemma 5.1]: using the variation formula for the scalar curvature, we hnd 

-AdtXo\{X\Vs,g^) = [ {AgTTg{g) + d*6^{g))dYolg 

Jx 

and the integration by parts of Ag Tr:g{g) and d*6^g can be done but there could possibly be a 
new contribution coming from the cusp face cf in the compactification Xc of X (cf n{p = 6} 
corresponds to the cusp point at infinity of the Riemann surface {p = J}). In order to analyze 
this, we can apply Green’s formula on {i? > A, p > < 5 } where i? is a boundary defining function 
of cf. If (j)' : cf X [0,1) —7- X is a collar neighborhood of the cusp face in X, we know from the 
local form (2.2) of p* that 

Area((/.'(cf x{A})) n (X \ Vs)) = (D{X^). 

It is direct to check (using (6.14) with u = 0) that clijTrg(p) and S^{g){dR) are uniformly 
bounded in A on (fi{cf x{A})) n (X \ Vs), where Or is the unit normal vector to f'icf x{A})) 
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with respect to g, this means that there is in fact no contribution coming from the cusp face 
when we take the limit A 0. Thus, when we integrate by parts, we obtain the same formula 
as in [GMS] and (7.4) follows. □ 

7.2. A Kahler potential for Weil-Petersson metric. Consider the quasi-Fuchsian space 
associated to Riemann surfaces with n-cusps. For each pair (M, h-) and (M, h+) of hyperbolic 
surfaces of finite volume with n cusps, denoting h := there exists a unique (up to 

diffeomorphism) complete hyperbolic metric g = Qh on the cylinder X := x M, which is 
realized as a quotient r\]HI^ for F C PSL 2 (C) a quasi-Fuchsian group. The quasi-Fuchsian 
space is identified with 7{M) x T(M) where T(M) is the Teichmiiller space of M. Fixing h- = 
ho, the map /i_|_ i—?■ gh provides an embedding of T(M) into the quasi-Fuchsian deformation 
space, called Bers embedding, and we view the renormalized volume as a function on 7{M): 
Vho ■ h+ Vo1_r(X, g'/i). 

Proof of Theorem 3. First, we notice that applying the proof of Proposition 7.1 in [GMS] 
mutatis mutandis, we can compute the Hessian of the renormalized volume at the Fuchsian 
locus /i+ = /i_ ; 

Hessfeo(14j(fe) = ^ / \k\l dvoho = J|/s|wp- (7-5) 

° Jm o 

By Theorem 5 and the form x~‘^{dx^ + (1 -|- of the quasi-Fuchsian metric for h- = 

/i+ = ho, the metric h+ = ho is a critical point of 14^ and a direct computation (as in [KrSc, 
Section 8]) shows that for hi, ^2 £ T7hg{M) 

ddVho{ho).{ki,k2) = ^ (^Hessfeo(14j(Jhi, ^ 2 ) - Hess/io(14o)(fci, 4 ^ 2 )) 

if J is the complex structure on T7{M). Combining with (7.5), we obtain that 9(914^ (ho) = 
jQU)wp{ho). 

To obtain the final result we need to show that <9cd4_(ho) does not depend on h_. This 
follows from quasi-Fuchsian reciprocity like in [KrSc, Proposition 8.9]. For the convenience of 
the reader, we briefly repeat the argument. Thus, consider the Lie derivative Ty_ {ddVh_ (h+)) 
with respect to the variable h_, where IT is a vector field on 7{M) and h+ is fixed. To prove it 
vanishes, it then suffices to show that Ty_ (914_ (^+)) is the exterior derivative of a function 
of h+. We claim that Ty_ (914_ (h+)) = dF'(/i_,y_)(h+) where F(h-,Y-) function on 

T(M) defined by 

Fih.,Y.){h+) = dYoUh-,h+).{Y.,0). 

To prove this, we will need to use the Bers embedding of Teichmiiller space and especially 
its relation to Vol^^. The universal cover of M is the upper half plane [/ = C C and 
(after composing by an isometry) the metric h_|_ lifts to the hyperbolic metric g ^2 = 

The covering map is denoted tt : —)■ M, the fundamental group 7ri(M) is represented by a 

Fuchsian co-compact group F C PSL 2 (M). The metric h- on M lifts by tt to a metric h- on 
which is F-invariant and of curvature —1. Using the map z 1 —> f, we can equip the lower 
half-plane L = {Im( 2 ;) < 0} C C with the metric /i_ (the orientation of /i_ is then reversed), 
and this metric can be written as /i_ = a{z)\dz + gdz^^ for some smooth a > 0 and some 
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complex valued Beltrami coefficient fi with \fi\ < 1. Extend /i by 0 on U, then by Ahlfors-Bers 
result, there is a unique quasiconformal map / : C —?■ C which satisfies 


to 


dzf = IJ-dzf 

and / fixes the points 0, 1 , 00 . Notice that / is a conformal map from (C, \dz + //dzp 
(C, and thus / is holomorphic in U. The Bers embedding is the map 

e.,:^ S(/|„). s(/) = (8.(g)-i(g)>A 

where S is the Schwarzian derivative. The element S{f) is a holomorphic quadratic differential 
with respect to the complex structure of /i+ on U, and which is T-equivariant, thus descends 
to an element in if T denotes Teichmiiller space of M. The Bers map Qh^ is 

holomorphic as a map T The group T' := fTf~^ is a quasi-Fuchsian subgroup 

of PSL 2 (C). Let J = where now we consider f : U ^ 0+. Here is the upper 
component of the domain of discontinuity of T' on C and r'\H+ equipped with the complex 
structure induced by C is conformal to (M,/i+) by /. One has moreover J*g ^2 = for 

some smooth Liouville field cj) on H_|_, T'-equivariant, and is a hyperbolic metric on 

H+. Thus 

dzdzcl) = 

We have also J*S{J) = —S{f) and we would like to express S{f) in terms of the Liouville 
field (j). Remark that 


thus 


Now we compute 


1 


dz<t> = 


d^J .dzJ 

dzJ ImJ 


dt<t>--{dz(t>Y = s{j) + i 


dp 1 {dzJY 1 /, dzJ 
ImJ 2 (ImJ)2 2 \ ImJ J 


V- 


.dp dzJ 

*9zJTmJ 


= Sp) (7.6) 


and thus Qh+{h-) = —J*{{dp — ^{dz(l>Y)dz^). Next we can use Epstein description of the 
equidistant foliation in [Ep], combined with Theorem 5, which show that dVh_{hp = Qh+- 
indeed we lift the quasi-Fuchsian hyperbolic metric to (in the half-space model = 
(0, oo)a: X C^), the geodesic boundary defining function p associated to /i_|_ and the equidistant 
foliation given by the level sets {p = const} also lifts to the lift of the boundary metric 
/i+ is given by e'^dz^ on the domain of discontinuity H_|_ C C = and [Ep, formula (5.5)] 
gives near as p —>• 0 

dp^ + {Re{{dp - \ {dz4if‘)dzY + dzdz4>\dz\‘^)p^ + 

5h3 =- 2 -• 

This implies that dVh_{hp = ^Ke{Qh+{h-)) and thus we obtain 


dVh_{h+) =-e^ph.) 
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by using (7.6). The same holds by reversing the role of /i_ and /i_|_. On the other hand, if 
0(/i_, /i_|_) := Qh+{h-), one has for any section Y± of T7{M) (here Y± depends only on the 
h± variable), 

Re(£y_0/i_^, y+) = Re(£(y_^o)0)(/i-,/i+)(O5 ^+) = 4£(y_,o)^^Voli?(h_, /i+).(0,1+) 

=4v2voijj(h_,h+).((y_,o),(o,y+)) 

=4£y^(dVoli?(h_,h+).(y_,0)) 

= Re(£y+0;,_,y_). 

Since 0/ij_ is a family of holomorphic differentials on 7{M) that depends holomorphically on 
/i±, we see that (7.7) in fact implies the quasi-Fuchsian reciprocity 

(£y_0h+,T+) = (£y+0;,_,y_). (7.8) 

Coming back to the renormalized volume, this hnally yields 

A{LY_{dVh.{h+)),y+) =(Ty_0+,y+) = (£y+0-,y-) 

=4(£y+(9y,Jh_)),y_) (7.9) 

=4(dF(;,_,y_)(h+),y+) 

as claimed. □ 

8. Limit of the renormalized volume under the formation of a rank-1 cusp 

We consider an admissible degeneration of convex co-compact hyperbolic metrics on a 
manifold X in the sense of Definition 6.1; X is thus the interior of a smooth compact manifold 
X with boundary N := 5X, with degenerating curve H = C N and X = X \ 77. 

Recall that Xc is the smooth manifold with corners obtained by blowing-up H in X, with 
boundary faces M and cf, see Section 2.3. The goal of this Section is to show 

Theorem 6. Let be an admissible degeneration of convex co-compact hyperbolic metrics 
on X in the sense of Definition 6.1, with limiting geometrically finite hyperbolic metric go. 
Then 

\\mXo\R{X,ge) = Xo\R{X,go). 

£->0 

8.1. Limit far from the cusp. First we describe the limit of the renormalized volume of 
the part far from the cusp, that in a fixed compact region JC C X. 

Proposition 8.1. Let G C°°(X) be a geodesic boundary defining function such that h^ := 
{p^ge)\N is the unique hyperbolic metric in the conformal boundary (p^ is uniquely defined near 
N). Let po £ S“(Xc) be a geodesic boundary defining function of M of Proposition 2.4 with 
ho •= {Po9o)\tm being the unique finite volume hyperbolic metric in the conformal boundary 
(po is uniquely defined near M). Let 6^ be a family of smooth functions on X vanishing in a 
uniform neighborhood of the degenerating curve H and converging in all -norms to 9. The 
following limit holds 

lim(^FP^=o/' 6'e/9^dvolg^^ = FP^=o / ^Podvolgg. 

J X J X 
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Proof. Let be a compact neighborhood of supp0. First, we can write dvolg^ = e^^dvolgp 
for some smooth function converging to 0 in We use the notations of Section 6.2: 

the geodesic boundary defining function in X is defined by (6.5). Then we get 

[ Oepldvolg^- [ dvolgo = / - 9) dvolgo ( 8 . 1 ) 

Jx Jx Jx 

where pe = Po, and tDe and 9^ — 9 converge to 0 in C“(fK) by Lemma 6.3. Now the volume 
form of go near po = 0 is of the form p^^ dpodp where dp is a smooth measure on IK n M 
and H a smooth function of X, thus writing 

gZijj — 2 -)- zUJe + 

for some smooth function on Cz xX and using that for small 6 > 0, Jq p^~^dpo has a pole 
of order 1 at 2 = 0 with residue 1 , we directly obtain that 

FP,=o / p^o{9,e^^+^^^-9)dYolg,=FPz=o [ pg( 0 ,e^^ - 0 ) dvol^^ 

Jx Jx 

+ 11 d^poi^,e^"^^^e)\po=odp 

z JxnM 

where dp^ is the vector field given by the gradient of po with respect to p^go- Using that 
Gg —>■ 0, We —)• 0 and —)> 0 in C°°(1K), as e —)> 0, we obtain that the finite part of (8.1) at 
z = 0 converges to 0 as e —t- 0. We write To conclude, we may use Proposition 

7.1, which of course also works in the convex co-compact case: that is for each e > 0, we get 
with 9e = Y1 =o de,kPe + ^{pD for some 9^^k e (M) 


FP,=o / p^^sdvolg, =FP,=o / plOedvolg^ 
Jx Jx 


1 

4 


IxnM 


(^£,fc(|d(p. 


2 

£|/Ie 


+ Scalh.Pe) - 4:9e,kPe)dvolh,. 


By assumption we have 9e,k —^ 9k with 9 = Ylk=odkPo + C)(Po)- Using Proposition 5.1 and 
Corollary 5.3 we directly obtain that (recall that po = 0) 


liin / {9e,o{\dipe\l^ -k Scal/j^pe) - 46'epPe)dvol/j^ = 0 
JxnM 


which achieves the proof since (8.1) has finite part at z = 0 tending to 0. 


□ 


8.2. Limit near the cusp. We next study the behaviour of the renormalized volume in the 
regions 11^ containing the degeneration. We notice that Theorem 6 follows from Propositions 
8.1 and the following 

Proposition 8.2. With the notations and assumptions of Proposition 8.1 and Theorem 6, 
we have 

lim FP^=o / (1 - 6''')p£dvolg^ = FP^=o / (1 - d)pldYo\g^. 

Jx Jx 
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Figure 5. The manifold with corners 


Proof. We can assume that (1 — 6^) is supported in UjUj, we are reduced to a local analysis 
and we can use the model with metric gi of Section 6.3, where we have forgot the e 
parameter and use rather ^ with £ —)• 0, and v = v{P) is converging to some limit vq as t ^ 0. 
First, an easy computation gives that the volume form of g(, is given by 

R'^dudvdw 


dvolg, = 




where + v‘^ + We need to prove that 


liinFP^=o / _ PeX 

J {u,v,w,£)£Vii 


Rfdudvdw 


= FP,=o j PoX 


Rfdudvdw 


( 8 . 2 ) 


J u-^ 

where pi = is the function solving (6.13) with being hyperbolic if hi is given by 

(6.11), and y G G^(Ui) is independent of £ and equal to 1 near u = v = 0. To study the 
renormalized integral (8.2) we decompose Ui in several regions, see Figure 5. 

We start with a region of finite volume (with the notations of Section 6.3) 

Ri(£) = {(u,v,w} \ u < 6, —1 < F < 1, 0 < L < 1}, 

where we use the following coordinates. 


V i 

u, V = —, L = —, w. 
u u 


(8.3) 


In fact, for > 0 fixed, we have that 

0<L<1, 0<tt<<5 i < u < 6. 

Take 6 so that x is supported in \/u‘^ + < 6. In these coordinates, the volume form of gi 

is for i fixed given by 

(f^ + + v‘^)dudvdw 


dvolg, = 


= (1 + + L^)dudVdw. 


Restricted to this region, the volume is thus clearly finite and there is no need to renormalize. 
Thus, 

f R^dudvdw 

FP^^o / PlX 3 ; II 1 ' ' 2 


a: 


(S / ^2 

x(ii, Vu, re) ( 1 + F^ H— y ] dudVdw 
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We can use dominated convergence (using l[^ , 5 ](u) < l[o, 5 ]) to deduce that 

^ B?dudvdw 


liinFP^=o / plx -^ 

^^0 J{u,v,L,w)eRi u 


-I rl rS 


0 Jo 


x{u, Vu, w) (l + V^) dudVdw 


=FP^=o / PoX' 

JRi{0) 


[v? + v‘^)dudvdw 


(8.4) 




Next we analyze the region R 2 {t) near the intersection H S'/? but away from the corners 
‘3^r n n ihf. In this region, we can use the coordinates 

£ U =- V = - w 

’ r t 

In these coordinates, we can dehne more precisely the region R 2 {i) by 

R 2 {^) = {{u,v,w) I 0 < [/ < 1 , —1 < 14 < 1 } 

In these coordinates, the volume form of gg is given (for i fixed) by 

i{l + U^ + V^)dUdVdw 


dvolg^ = 


1/3 


Since U := ^ = 


^ _ —^=^=== and Pi = with the notation of (6.13), we have 


FP.=o 


.R^dudvdw 

- = FP.=, 


/ XPl 3 
/r2 (P ^ 


= FP,=, 


z=0 


fj 


PlX- 


/(I + t/2 + V^)dUdVdw 

^3 


z=0 


^ (1 + + V^)dUdVdw 


“ (l + t/2 + F2)2[/3 

= A,{£) + A2ii) + As{i). 


with 


A,i£) :=FP,=o 


l-JJ-iJo 
1 /■! 


£UHl + U^+ V^)dUdVdw 
' X- 


A2{£) := res^=o J J j X 


■= “2 reSz=o 


4 

■1 j-l 

-1 Jo 


t/3 

+ 1/2 + V^)dUdVdw 

^3 ’ 


X- 


log(l + t/2 + f 2 )(i + [/2 + v‘^)dUdVdw 

^3 • 


For j = 0,1, the function ixi^U,£V,w){l + 1/2 + I 42 ^(^iQg(']^ _|_ [/2 _|_ converges to 0 in 

C^-norms for all k, and thus it is direct to see lim£_ 5 .o (.^) = hm£^o^ 3 (^) = 0. For the 
second term, we use the Taylor expansion of ui in terms of U using (6.25) 


tjji — cio + cl 2 U'^ + 0{U^) — Q-o T 


02^ 

1 + 1/2 


+ 0 (t/^ 
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Thus, we compute that 


A 2 (£)=£ J"j (^{ao + a2){x{0,eV,w) + aof{l + V^)dlxiOJV,w)'^ dVdw 


U 


x(0, £V, w){ao + a2)dVdw + 


(8.5) 


Cl^'^ + C2vdwipe 


J^x{0,v,w) ^\dipi\l^ + + C^vdyipe + ) dvdw. 


(P- + v^) 


where Cj are constant depending smoothly on u, and we used that oq = ^pi is uniformly 
bounded in t in the second line. From Proposition 5.1 and Corollary 5.3, we see that 


/-i 


( 1 C\P \ 

X{^,v,w)[^pi, - -^\d^pi.\l, + T^2P~J^)dvdw 0 . 


{P + v"^ 


Using Cauchy-Schwartz and \d(p(\h^ > ^(1(1;^ + P) + \vdv‘^i\) we also get that 

r- rl 

t A I ^ 


|x(0,P,in)| + C 3 \vdy(pi\^ dvdw 


< 


c'(Pe\\d^e\\L2 + 


r~ 


for some C independent of £, thus this converges to 0 by Corollary 5.3, and we conclude that 
lim£_^o^ 2 (^) = 0 and 

f - R^dudvdw 

/ XPt -3-= 0. 

lR2(e) 


lim FP 2 =o 
£- s>0 


Next, we consider the coordinates, smooth near the corners Pr n H 

V,U = 7 —r,L= -j—r,rc 

tI tI 

and taking region Rsp) U Rpi) given by 

Rsp) = {(rt, V, ui) I |u| < (5, L < 1, [/ < 1}. 


we see that x can written as X)j=i X^Rj{e.) ■ Ici these coordinates, the volume form of is 
given for fixed t by 

{1 + iP + U‘^)dU dvdw 


dvolg, = 


[/3 


Thus, since U = ■ ;■ ■ we have 

Vi+P+u^ 

^R^dudvdw 


FP,=, 


^=0 




XPl- 




= FP,=o 


/U 


M ijz^zut (1 + + U^)dUdvdw 

X- 


— I J l<\v\<5 Jo 

= h{i) + hie) + hii). 


(1 + ^ + [/2)-/2C/3 


( 8 . 6 ) 
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with 


fi f /■! U^(l + ^ + U^)dUdvdw 

W) := FP,=o / / / -, 

J-\Jl<\v\<6 Jo U-^ 

1 + 4 + U^)dUdvdw 

X - " 


hil) ■■= TeSz=o II I 

J-\ Ji<\v\<& Jo 




hii) Tesz=o 


»! 


-1 Jl-<\f\<5 Jo 


e\U^{l + J^ + U‘^)dUdvdw 

Xlog 1 1 + + ^) ° ^3 -• 


We notice that, in view of the smoothness of as a function of U,v,w, these three terms 
also make sense for i = 0, and ( 8 . 6 ) for £ = 0 is given by lj{0). To conclude the proof, 

we want to prove that Ij{i) —S' lj{0) as £ —)• 0 for j = 1, 2, 3. For the first term, we compute 
that 


hii) = 


Jl<\v\<& 


((1 + -^)qi(v, w) + q 2 (v, w))dvdw, 


(8.7) 


where qi and q 2 are smooth and independent of 7, and it is then clear that 

lim/i(7) = /i( 0 ) 

1^0 

To deal with we can proceed similarly: we remark that for 7 > 0, the integrand in 73 ( 7 ) 

is of the form U^~^Q{U, ^,v,w) where Q is some smooth function of its parameters, thus it 
is straightforward to see that 

73 ( 7 )=/ / q 3 {v,^,w)dvdw 

J-\ Ji<\v\<5 

for some smooth function 53 of its parameters. We conclude as in the case of Ii that 

lim/3(7) = 13 ( 0 ). 

Finally we study ^ 2 ( 7 ). From the expansion (6.25), we have for 7 > 0 that 


iOi — do + 02^7^ + 0(JJ^) — do + 


a2U^ 

1 + 4 


(D{U^). 


Hence, we compute that for 7 > 0 


h{^)= / {{ao + a 2 ){x{ 0 ,v,w) + ao{v‘^+f)dlx{0,v,w))dvdw 

J-\ Jl<\v\<5 




tn ^ |2 , Cif + C2vdz,q^(, , ^ \ J J 

X[0,v,w) ( ipi - H- _ -h C^vd^ipi + - ) dvdw 


(£2 _j_ y2 


+ 


lU 


-1 Je<\v\<5 


pi{v^ + 7"^)5„x(0, V, w)dvdw. 


for some constant Cj depending smoothly on u. By Proposition 5.1, the last line is continuous 
at 7 = 0, and using Corollary 5.6 with the stronger estimate (5.9), it is direct to check (like 
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we did for the term A 2 {i)) that is continuous at £ = 0, ie. lim£_^o-^ 2 (^) = -^ 2 ( 0 ). We 

have finished the proof. □ 


9. Appendix 


Proof of Proposition 4.2. We will construct <1*/, in two steps, as a composition L- 

Let us first construct the diffeomorphism T l , which is done by changing coordinates on . 

Let r = P be the Euclidean radial coordinate in = M+x , then the hyperbolic 
metric takes the form in the Euclidean radial coordinates (r, uS) with a; G 

_ 

5h3 — -2~2- 

where rujx = x and ujx = x{u}) is the vertical coordinate on the sphere. We denote by 
oji = Re(z(aj)) and UJ 2 = Im(z(w)) the coordinates of uj in the horizontal direction z. Consider 
the stereographic projection —>■ from the point {x,z) = (0, —1) G C providing 
coordinates u, u G so that 


u = 


wl + 1’ 


V = 


OJ 2 

Wl + l’ 


and the metric g ^2 


A{du^ + df)^) 
(1 + + 1 ) 2)2 • 


In the coordinates (r, D, v) G x M'*' x M, the hyperbolic metric takes the form 


(1 + + D^)^dr^ du^ + dD^ 

5 h 3 = -TTWVS-h 


4^2j,2 




Notice that v + iu define coordinates on the hyperbolic plane (viewed as the upper half¬ 
space in C), and the stereographic projection is an isometry from the half-sphere dd(0,l) 
equipped with the metric induced from to this hyperbolic plane. The action z ^ qz = 
in C corresponds in to a dilation by centered at {x^z) = (0,0) followed by a 
hyperbolic rotation R^3{vi,x) of angle vf around the x axis in x C^. The latter 

is an elliptic isometry for g^3 and so, its restriction to H(0,1) becomes an elliptic isometry 
of the hyperbolic half-plane with coordinate z = v + iu, fixing the point z = i, and 
considering the derivative at this point shows that i?]fj 3 (ul’, x) 1/^(0, i)j viewed in the variable 
z = V + iu £ via the stereographic projection, acts as the hyperbolic rotation of angle uf 
and center z = i G EI^. We denote by 


Ri/i 


vl 


vl 


-sin if 


COS 'y 


G PSL2(M) 


this hyperbolic rotation. 

In the quotient (4.6), the fundamental domain is e“ 2 ^ < r < so to have coordinates 
with uniform behavior with respect to the deformation parameters £, we introduce the rescaled 
coordinates 

u' = iu, v' = lv, w= 
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We denote by : (x, z) i—)■ {w, v' + iu') the diffeomorphism corresponding to the change of 
coordinates. In these coordinates, the hyperbolic metric on e“ 2 ^ < r < takes the form: 

_ , du'^ + dv'^ + {e + u'^ + v'^fdw^ 

— ^,2 ’ 

where w G [—|]- Moreover the transformation 7 /, becomes in these coordinates 

(w, V + I'd) i-A (tc + + iu'))). 


The intersection of the half-sphere dB{e{L), p{L)) of (4.6) with the half-sphere 
(with |tt)| < 1/4) is the half-circle obtained by intersecting the plane 


Re(2;) = k{w, i, 5) = 


e(L)^ -b — p{L)'^ 

2 e(L) 


with i7(0,e^^"'). Under the stereographic projection H{0,e‘^^‘^) —)■ {(x, z); Re(z) = 0} = 
from the point (x, z) = ( 0 , —a small computation shows that it is thus sent to the half 
circle centered at 0 of radius 


„2ew 


^2£w 


K{w,i{L),d) _ rx{w) 


q 21 w _ 


+ 0 ^( 1 ), rxiw) 




1 

2 


where we have used (4.7) in the last equality. Consequently, the intersection of the half¬ 
ball B{e{L), p{L)) of (4.6) with the half-sphere 77(0, (with |tt)| < 1/4) becomes, in the 
coordinates C = d + iu' G , a half-disc of the form 


Im(C') > 0, 


IC'I 


(^q 21 w _ jg2£«) 

g2£«) _|_ £^ 


rx{w) + 0^(7). 


(9.1) 


and thus, taking 5 small enough (independent of i) so that A/(5 — 4 > 1 this set is asymptotic 
to the half-disk 

{C'GC;Im(C')>0,|C'|<rA(u;)}. (9.2) 

We have thus showed the following 


Lemma 9.1. There is an isometry Ti between ( 7 i)\]HI^ and 

,= .. -2 du '^ + dv '^ + (72 + + ^/2)2g^^2 

where ■jg is the map 


7'=D'+m') 


U 


12 


(9.3) 


A :(u; C')^ frc + i cos(u7/2)C + 7sin(u7/2) \ 

’ k —7“^ sin(u7/2)C'-b cos(u7/2)y 

Moreover, if 6 > 0 is small enough, the model neighborhood (4.6) is mapped via Tl to 


TT. 


7? 


({(».C')£[-bi)xH7<;'|<r,(»))) 


(9.4) 


where : M x — )> is the covering map, and rq{w) is the radius of the half-circle given 

by equation (9.1) and converging to rx{w) > 0 with rx{w) = 0((5) uniformly in |u;| < 1/4. 
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Notice that £ —0, then 7^ converges to some transformation : (tc, ^ {w + ^, P^{0) 
with Pi, G PSL2(M) the parabolic transformation 1—)■ , and converges to 

du'^+ dv'^+ {u'^ Py'^dw^' 


^7. := (7.)\ 


\'=j;'+mO 90 — 


,/2 


Conjugating by an inversion 1—>■ —1/C on Pi, becomes the transformation C C ~ ^/“^ 
and the transformation ji, viewed in the coordinates (w, y+ix) defined by y+ix = —l/{v+iu) 
is the parabolic isometry of x fixing 00 and given by Ti, : {w, y + ix) i-A 

(rc + 2,?/ — I + ix). Then X.y^ is isometric to (Ti,)\]HI^, which is the model of a hyperbolic 
cusp of rank 1. Clearly, the model of Lemma 9.1 extends smoothly to the parabolic boundary 
{£ = 0} of Q. 

We also need to control the change of coordinates from the neighborhood of (4.5) to 
this new model when i ^ 0, that is we want to know Tl ° ©l- A direct computation gives 

x^)CC‘ + — z\l/^ 


r\P)L{x,z)) = 


Wa,(0L(x,2;)) = 


x\l 


(x^ + \z — A£p)2 ’ 

-x2 - \z\‘^+ Re{z)Xi 


diix^zY 


uji{Ql{x,z)) = 


Vl{x,z) 


(9.5) 


UJ2(Ql(x,z)) = 


lm{z)\t 


Vl{x,z) 

with r]L{x,z) := (x^ + l-ni{z)YX^P + (x^ + jzp — Re(2;)At’)2, thus 

u{P)l{x,z)) = 


X 


x'(0l(x,z)) = 


A(x2 + Im(2;)2) 

Im(z) 


(?7l(x, z) + x^ + - Re(2;)A^), 

{rjiix, z) + x"^ + \z\^ — Re(2;)A£). 


(9.6) 


A(x2 + Im(2:)2) 

Notice that T/, o 0^ extends smoothly in a neighborhood of the cusp region of X of the form 

:= {{L,x,z) G Q X 7 r^^(R(0,(5)); {x,z) e Fl\ {0}}. 

Indeed one has w{Ql{x., z)) = ^ (9.5) we can write it under the form 

'w{Ql{x, z)) = fQj. gome F{L,x,z) smooth in and thus w extends smoothly 

in V*^. It is also easily checked that {u',v') extend smoothly to by (9.6). The inverse also 
admits a smooth extension to {£ = 0, {C, v') / (0, 0)} by a similar computation. 

To finish the proof of the Proposition, we shall construct a diffeomorphism corresponding 
to a new change of coordinates. In the x hyperbolic space, we define the 

function 

y{w,C) ■= djpiC'CC 

which is invariant by the transformation 7^. One has in particular 

n'2 + + f 


cosh(//) = 


2u'i 


Let us make the following change of coordinates on [—1/4,1/4] x which defines 

El : {w,C) ^ {w,C ■■= £R-2uew{^~^C)) 
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where Rq G PSL2(M) is the hyperbolic rotation of angle 6 and center i. The transformation 
7q becomes in the {w,C) coordinates (ie. after conjugation with the transformation 

ELO-fqO : {w, C)^ {w + 2,0- 

We see that El extends smoothly to {£ = 0; |C^| < (5} if 5 is small enough, with value 

and the same holds for its inverse. Thus we deduce that ^l ■= is such that (L, x, z) i—)■ 

o ©L extends smoothly to if 5 > 0 is chosen small enough. We write C = u + itt G 
then the function cosh(;u) is clearly invariant by rotation, so 

+ v'^ + 


U ■ 


w 


and we compute 


u 


u = 


< = 


dC + din (<2 + 


— i ^ sm.{u^w)C, + cos{v^w)\‘^' {—i ^ sm{i'iw)C + cos{i'iw))‘^ 

Therefore the metric gL becomes in the new coordinates. 

du^ + dv^ + ((1 + u2)i?4 


(9.7) 


(9.8) 


gL ■= (Sl o Tl)*5h3 =- 




+ 


2u[R? — 2u^)dwdv + Avuvdudw 


where R := y/v? -\- v'^ + . Here, we notice that the change of coordinates v' + iu' ^ v + iu 

for a fixed rc is a hyperbolic rotation of angle —2uiw and center in BI^. In particular it 
maps the half-circle (9.1) (which is a geodesic of EI^) to the half-circle in which intersects 
the real axis at the two points 

E.rq{w) cos{vlw) + Isin{i'£w) ±rq(w) 


v±{q) = 


+ 0{i). 


^rq{w)i ^ sin{i'iw) + cos{i'iw) 1 =F vwrq{w) 

This shows that the region (9.4) in the coordinates {w, C) becomes the set 
{{w,C) e [-1, i) X BI2; IC - Vq{w)\ < Tq{w)}/{w ~ 5 } 

for Vq{w) = ^{v+{q) -|- V-{q)) and Tq{w) = ^{v+{q) — V-{q)) which clearly converge as i 
and satisfy the desired properties (recall that Vq = r\{w) + o(l) as £ —)■ 0 with the notation 
of (9.2)). 


0 , 
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